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Abstract

The highly nonlinear nature of the mechanical contact interaction, commonly
coupled with other sources of nonlinearities, presents a challenging task for numerical
modelling. With the increasing need for modelling multiphysics problems involving
contact phenomena, the Finite Volume Method has shown to be capable of solving
frictional contact problems with material and geometric nonlinearities. Since contact
interaction plays an important role in many applications, the development of more
accurate and efficient contact treatment procedures is essential.

The principal objective of this thesis’s is to develop a finite volume version of
the segment-to-segment contact-force calculation algorithm in which normal con-
tact pressure, governed by a penalty law, is integrated across the non-conformal
contact interface. Compared to the currently available pointwise contact algorithm,
it is shown that such an approach allows for higher accuracy while removing or
reducing some drawbacks of the pointwise calculation approach. Various aspects of
the penalty-based Neumann-Neumann coupling are discussed and a suitable contact
detection algorithm is proposed. To improve efficiency, an implicit version of the
Neumann-Neumann coupling is derived. Based on the presented results, such an ap-
proach has shown to be a promising direction for future development. Additionally,
potential benefits of surface smoothing are analysed by incorporating the Nagata
surface interpolation within the pointwise contact algorithm.

The proposed contact algorithm is extensively tested using various benchmark
problems as well as industrial grade metal forming problems. The reported results
show a good agreement with available analytical or numerical results.

The thesis relies on the advance finite volume structural solver capable of de-
scribing hyperelastic and hyperelastoplastic deformation of bodies in contact. The
description of such a class of structural solvers is given in detail. The implemen-
tation of the proposed procedures is conducted within the foam–extend software
package, a community-driven fork of the open source OpenFOAM software.

Keywords:
Finite Volume Method, Numerical Analysis, Mechanical Contact, Contact Algo-
rithm, Segment-to-Segment Algorithm, OpenFOAM



Prošireni sažetak

Ovaj rad predstavlja numerički model za računanje problema mehaničkoga kontakta,
primjenom metode kontrolnih volumena. Razmatra se izotermalni kontakt s tre-
njem uz pretpostavku velikih pomaka i deformacija te velikoga međusobnog klizanja
kontaktnih površina.

I Uvod

Problem mehaničkoga kontakta dvaju ili više deformabilnih tijela predmet je
istraživanja kontaktne mehanike, koja predstavlja zasebnu disciplinu teorije elasti-
čnosti. Zbog visoke složenosti kontakta, razvijena analitička rješenja kontaktne
mehanike primjenjiva su samo za jednostavnije probleme kontakta, usprkos velikim
naporima uloženima od strane mnogih istraživača. Iz navedenoga razloga numeri-
čke metode predstavljaju alat visoke praktične važnosti jer omogućavaju rješavanje
izrazito složenih problema kontakta uz potpuni uvid u polja naprezanja i deforma-
cija.

Primjena metode kontrolnih volumena u području mehanike deformabilnih ti-
jela započela je prije tri desetljeća. Danas se metoda kontrolnih volumena usp-
ješno primjenjuje na razne linearne i nelinearne probleme mehanike deformabilnih
tijela, te je u tome području prepoznata kao valjana alternativa znatno razvijeni-
joj metodi konačnih elemenata. Razvoju metode kontrolnih volumena uvelike su
pomogla primijenjena znanja iz problematike mehanike fluida, a zbog sve većih za-
htjeva za modeliranjem zahtjevnih multifizičkih procesa, očekuje se daljnji razvoj i
njihova primjena na sve složenije probleme mehanike deformabilnih tijela. Prema
tome, razvoj numeričkih postupaka za točno i učinkovito modeliranje mehaničkoga
kontakta deformabilnih tijela od presudne je važnosti.

Prva primjena metode kontrolnih volumena na probleme kontakta osnivala se
na eksplicitnoj Dirichelt-Neumannovoj sprezi kontaktnih granica, kakva se koristi
u problemima interakcije fluida i deformabilnih tijela. Zbog određenih nedostataka
takvoga pristupa, daljnji razvoj je usmjeren na eksplicitnu Neumann-Neumannovu
spregu koja se osniva na metodi penalizacije. Takav pristup je korišten u [1, 2]
gdje se predlaže postupak, koji se oslanja na GGI (eng. Generalised Grid Inter-



face) interpolaciju [3] i izračun kontaktnog tlaka u čvorovima (vrhovima) mreže.
S obzirom na to da se pokazalo da postupak temeljen na Neumann-Neumannovoj
sprezi može pružiti zadovoljavajuću točnost i robusnost prilikom rješavanja zahtje-
vnih kontaktnih problema, isti je prihvaćen u ovome radu s ciljem daljnjega una-
prjeđenja robusnosti, točnosti i učinkovitosti putem razvoja naprednijih postupaka
za obradu kontaktnih granica.

II Matematički model

Matematička formulacija problema kontakta zasniva se na načelima klasične
mehanike kontinuuma. Za opis deformacija i gibanja tijela u kontaktu koriste se
relacije kinematike kontinuuma. Kao posljedica kontaktne interakcije pojavljuju se
naprezanja na kontaktnim plohama i u unutrašnjosti tijela. U radu je dat pregled
osnovnih veličina mehanike kontinuuma, koje se koriste i za Lagrangeovu inkre-
mentalnu formulaciju integralnoga oblika zakona održanja količine gibanja. Veza
naprezanja i deformacija opisana je pomoću hiperelastičnoga i hiperelastično-plasti-
čnog materijalnoga modela. Nadalje, dat je opis kontaktnih kinematičkih veličina,
koje se koriste za definiciju kontaktnih uvjeta. Interakcija tijela u kontaktu opisana
je kontaktnim uvjetima, koji su podijeljeni na normalne i tangencijalne. Normalni
kontaktni uvjeti, poznati kao Hertz-Signorini-Moreauovi ili Karush-Kuhn-Tuckerovi
uvjeti, impliciraju tri temeljne zakonitosti koje moraju biti ispunjene, a to su nemo-
gućnost prodiranja tijela i ostvarivanja vlačnoga kontaktnog opterećenja te komple-
mentarnost opterećenja i kontaktnoga statusa.

Karush-Kuhn-Tuckerovi uvjeti koriste se i za formulaciju tangencijalnih uvjeta
prema odabranom zakonu trenja. U radu je korišten Coulombov zakon trenja za
određivanje smjera i iznosa sile trenja prema stanju prijanjanja i klizanja.

III Numerički model

Diskretizacija metodom kontrolnih volumena omogućava tretman kontaktne gra-
nice pomoću nelinearnoga Neumannova ili Dirichletova graničnog uvjeta, ne oviseći
pritom direktno o odabranome materijalnom modelu ili diskretizacijskim shemama.
To je omogućilo korištenje naprednoga strukturnog rješavača, predloženog u [2],
namijenjenog za opisivanje velikih elastičnih i elastoplastičnih deformacija. U radu
je detaljno opisana takva klasa rješavača, koja se temelji na poliedarskoj metodi



kontrolnih volumena drugoga reda točnosti i na odvojenome postupku rješavanja.
Time su pokrivene ostale moguće inačice rješavača, za koje razvijene kontaktne
procedure mogu biti primijenjene. Diskretizacija prostornih integrala jednadžbe
količine gibanja, prikazana je pojedinačno te je pojašnjena implementacija osnovnih
graničnih uvjeta. Posebna pozornost je data postupku rješavanja i postupku pomi-
canja čvorova mreže. Kako bi se ukazalo na moguće nedostatke, dat je kratak osvrt
na alternativne metode diskretizacije i postupke rješavanja.

U sklopu eksplicitne Neumann-Neumannove sprege predložen je segmentni po-
stupak za računanje kontaktnih sila na temelju metode penalizacije. Segmentni se
postupak temelji na integraciji kontaktnoga tlaka na nekomfornome kontaktnom
sučelju. Naspram čvornoga postupka pokazano je da takav segmentni pristup re-
zultira većom točnošću, manjim oscilacijama kontaktne sile i simetričnim tretma-
nom kontakta. Kako bi se povećala efikasnost postupka rješavanja, razmotrena
je implicitna Neumann-Neumannova sprega, koja je implementirana pomoću novo-
razvijenoga segmentnog postupka. Rezultati pokazuju kako implicitna sprega može
značajno poboljšati efikasnost postupka rješavanja — uz očuvanje iste razine točnosti.
Međutim, potreban je daljnji razvoj implicitne sprege kako bi ona imala istu robu-
snost kao i eksplicitna izvedba. Razmotrena je i mogućnost zaglađivanja kontaktne
granice te je predložena metoda koja se osniva na Nagatovoj interpolaciji, koja po
svojim karakteristikama najviše odgovara korištenju u sklopu metode kontrolnih vo-
lumena. Zaglađivanje je implementirano u sklopu čvornoga postupka te su pokazane
moguće prednosti korištenja takvoga pristupa.

IV Rezultati

U svrhu detaljne analize robusnosti i točnosti predloženoga kontaktnog algori-
tma, algoritam je testiran na brojnim verifikacijskim primjerima. Dobiveni rezu-
ltati uspoređeni su s analitičkim i referentnim numeričkim rezultatima dostupnima
u obrađenoj literaturi. Naglasak je dat na rezoluciju proračunske mreže koja u
slučaju niske rezolucije može imati negativan utjecaj na robusnost i točnost konta-
ktnoga algoritma. Iz navedenoga razloga, mnogi verifikacijski primjeri riješeni su s
niskom rezolucijom proračunske mreže i s različitim rezolucijama mreže. U prvome
setu verifikacijskih primjera razmatraju se problemi s malim deformacijama te je
pokazano vrlo dobro slaganje s dostupnim analitičkim rješenjima. U drugome setu
verifikacijskih primjera, razmotreni su primjeri iz literature koji su posebno osmi-



šljeni na način da je za njihovo uspješno rješavanje potreban kontaktni algoritam
visoke robusnosti i točnosti. Dobiveni rezultati ukazuju da je primjere moguće
riješiti uz zadovoljavajuće odstupanje od referentnih vrijednosti dobivenih metodom
konačnih elemenata. Konačno, treći skup verifikacijskih primjera uključuje zahtje-
vne probleme obrade metala deformiranjem, uključujući vučenje žice, valjanje žice
i kompaktiranje snopa žica.

V Zaključak

Izrazito nelinearna priroda mehaničnoga kontakta, koja često dolazi u sklopu
s materijalnim i geometrijskim nelinearnostima, predstavlja izrazito zahtjevan za-
datak za numeričku analizu bilo koje vrste. U ovome je radu detaljno prikazano kako
metoda kontrolnih volumena može uspješno riješiti zahtjevne probleme mehaničkoga
kontakta, pružajući pritom zadovoljavajuću razinu točnosti i robusnosti. Razvo-
jem novih procedura za obradu kontaktnih granica ostvaren je napredak u pogledu
točnosti, međutim treba naglasiti kako je daljnji razvoj nužan i kako prostora za
napredak ima. Također, kako bi se povećala primjenjivost metode, potrebno je ra-
zmotriti teme poput trošenja, samokontakta ili termo-mehaničkog kontakta, koje
još uvijek nisu obrađene i zahtijevaju posebnu pažnju u daljnjemu razvoju.

Ključne riječi:
metoda kontrolnih volumena, numerička analiza, mehanički kontakt, segmentni
algoritam, OpenFOAM
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1. Introduction

The application of the implicit cell-centred (collocated) finite volume method
(FVM) on the solid mechanics’ problems began in the late 1980s and early 1990s
with the seminal works [11,12]. At that point, the FVM was already well established
and dominant method in the area of computational fluid dynamics. This fact was
crucial for the subsequent development in the area of solid mechanics due to the
acquired knowledge in solving highly non-linear fluid dynamics problems. In the
area of solid mechanics, the FVM does not enjoy the popularity as the widespread
finite element method (FEM); however, lately it has been attracting more attention
and it is being recognised as a viable alternative. Moreover, due to its underlying
simplicity and strong conservative nature, it is a very appealing numerical method
for engineers.

While entering the area of solid mechanics, the complexity of considered prob-
lems was gradually increasing. Consequently, the first encounter with mechanical
contact problems came ten years after the seminal application. Subsequent develop-
ment shows that the FVM can handle large deformation frictional contact problems.
Nevertheless, the development of the FVM contact algorithms is still at its incep-
tion and many modelling aspects are still not tackled. Furthermore, accurately
describing the highly nonlinear nature of contact phenomena, commonly coupled
with other sources of nonlinearity, is a challenging task that necessitates continuous
development and significant effort from the community. The best example is the
FEM, in which the search for more robust, efficient and accurate algorithms lasts
for over five decades.

Contact problems can be analysed through different space and time scales, de-
pending on the context and the related area of research. Due to its multiscale and
multiphysics nature, contact may be accompanied by different interface phenomena
such as lubrication, friction, wear, adhesion and heat or electric transfer. These
complex phenomena and their mutual interaction are the subject of research in the
interdisciplinary branch called tribology. Generally, solid mechanics considers the
mechanical aspects of contact interaction using the macroscopic perspective and
classical continuum formulations.

Numerical modelling of contact problems is of great relevance since the majority
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1. Introduction

of engineering problems include some type of contact interaction. Some examples
in which contact analysis plays a significant role in the design of optimised, safer
or lighter products are metal forming processes, gearboxes and bearings, braking
systems, tire-road and wheel-rail contact, crash tests, etc. The analytical solutions
of contact mechanics, built upon the original work of Hertz [13], are restricted to
problems with simple geometry and linear-elastic contacting bodies [14]. Therefore,
for better understanding of interactions in such complex physics systems numerical
and experimental methods are the only tools available for engineers. As the ap-
plicability of experimental procedures is significantly less practical, the numerical
method remains the only tool available. Hence, the development of contact algo-
rithms for the FVM is of great importance as these algorithms will lead to further
extensions and applications of the method. Moreover, with increasing capabilities
in contact modelling, the method can strengthen the assigned status of a viable
alternative method for solid mechanics and contact mechanics problems [15].

1.1. Previous and Related Studies

Heretofore the implicit cell-centred FVM for unstructured polyhedral grids has
been successfully applied to a wide variety of solid mechanics and multi-physics
problems, including linear-elasticity [12, 16–18], incompressible materials [19, 20],
anisotropic materials [21–23], multi-materials [24], plasticity [2, 25], fluid-solid in-
teraction [26–28], fracture mechanics [29–33] and others; see [4] for a detailed and
comprehensive survey. Apart from the cell-centred grid arrangement, it should be
noted that other grid arrangements (face-centred, vertex-centred, staggered-grid)
have also been successfully applied to solid mechanics problems [34–41]. The ma-
jority of FVM applications on solid mechanics problems rely on the memory-efficient
segregated solution procedure coupled with a deferred correction algorithm. Some
recent development shows that the block-coupled solution procedure offers impres-
sive improvements in efficiency [42, 43]; however, it has been developed only for
linear-elastic solids and efforts are being made to broaden its application to nonlinear
material models too [44]. Similarly, efficiency improvement can be achieved by em-
ploying the geometric multigrid procedure [21,29,45] or Aitken acceleration [46,47].
Additionally, instead of the second-order, [48] proposed the fourth-order accurate
equation discretion on 2D structured Cartesian grids.

Concerning contact modelling, the first developments took place with the need to
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model adhesive joints [49]. These developments laid an initial foundation for further
progress which will emerge from the need to simulate biomechanics problems [50,51].
In the overall development so far, three different approaches can be distinguished:

• Inspired by interface coupling procedures applied in dealing with fluid-solid in-
teraction problems, the first contact treatment method was implemented using
the Dirichlet-Neumann (DN) coupling procedure [49]. Coupling is achieved by
treating one of the contact boundaries using the DN (mixed) boundary condi-
tion, while the adjacent boundary is treated using the Neumann (fixed gradient)
boundary condition. The mixed boundary condition specifies the value of the nor-
mal component of the displacement, whereas the displacement gradient is defined
for the tangential direction. The direction split is achieved using the local value
of the boundary normal whereas active or inactive contact status is distinguished
using a value fraction. The data transfer for the non-conformal interface dis-
cretisation is achieved using the two-step weighted inverse distance interpolation.
The DN coupling procedure was initially developed for quasi-static 2D frictionless
contact problems with linear-elastic solids [49, 52], and it was later extended to
consider inertial effects [53, 54] and 3D problems [55]. Although it was a very
efficient procedure, the lack of robustness and accuracy in solving 3D frictional
contact problems redirected further development towards the Neumann-Neumann
coupling procedure, described in the next paragraph.

• The penalty based Neumann-Neumann (NN) coupling procedure was proposed
by [1,50]. Initially, the procedure was developed for 3D frictionless contact prob-
lems with linear-elastic solids. Subsequently, it was extended to consider large
deformation and large sliding contact problems with Coulomb friction [2]. More-
over, in conjunction with the Finite Area Method (FAM), it was successfully used
to model the lubricated contact [56]. The NN coupling procedure relies on the
generalised grid interface (GGI) interpolation procedure [3] to transmit contact
stresses, calculated on the slave side, to the master side. The normal component of
the contact traction is calculated in a pointwise manner and subsequently interpo-
lated at face centres. The tangential (frictional) component is calculated directly
at face centres using transmitted (interpolated) values of the displacement field
from the master surface. To ensure convergence, the explicitly calculated contact
traction is under-relaxed before the update, performed in a deferred correction
manner. Penalty based calculation of the contact traction ensures the robustness
of the overall procedure; therefore, this is currently the only procedure proven to
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be capable of solving complex contact problems with a high degree of nonlineari-
ties involved. Moreover, it should be mentioned that it is publicly available as a
part of the OpenFOAM based toolbox solids4Foam [46, 57].

• The segregated solution procedure allows for great flexibility in the nonlinearity
treatment, thus the contact coupling is explicitly updated during the iterative
procedure. As a consequence of the explicit update, the overall efficiency can be
impaired. In other words, the resolution of the inter-equation coupling is faster
than the resolution of the contact coupling. This led to further developments to-
wards the implicit treatment of contact coupling. In [58] an implicit treatment of
the contact boundary is derived using the methodology borrowed from the multi-
material interface treatment [24]. The contact traction is decomposed, and the
normal component is implicitly treated via an equation derived using the equality
of normal displacement and action-reaction principle at the contact interface. The
tangential component is explicitly calculated using Coulomb’s law. The handling
of the non-conformal discretisation is achieved using arbitrary mesh interpolation
(AMI) [59]. Treatment of faces in partial contact is achieved using a blending
coefficient defined by sigmoid function. From the application to the numerical
example, it is shown that the procedure is capable solving force-loading contact
problems and thus offering a significant improvement in efficiency compared to
penalty-based explicit coupling. However, only contact problems with linear elas-
tic bodies (material and geometric linear) are considered. Further investigation
into the applicability to large deformation contact problems remains to be carried
out.

The above-listed approaches of contact treatment are intended for the cell-centred
FV method. In addition, some limited work has been done regarding contact treat-
ment within the vertex-centred FVM [60, 61] and within the Godunov-type cell-
centred FVM [62]. Altogether, it can be noticed that some limited work has been
done regarding the contact modelling in the FVM. Still, each of the proposed ap-
proaches has a fairly limited number of publications. In most cases, contact mod-
elling is only a part of the proposed discretisation and solution procedure, thus
limited attention is given to the description of the applied contact algorithm.

Contrary to the FVM literature, the FEM literature regarding the contact mod-
elling is very abundant and significant efforts are continuously being made in this
field. As a result, the whole branch of the computational mechanics named com-
putational contact mechanics is established using the FEM [5, 63, 64]. Generally,
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in the implicit FEM contact analysis, we can distinguish two main aspects which
are responsible for the enforcement of contact constraints and the transfer of loads
from one contact surface to another. For the enforcement of the contact constraints,
mainly three methods are used: the penalty method, the Lagrangian method and
the augmented Lagrangian method. The second aspect deals with the linkage be-
tween contact surfaces by applying contact discretisation. The result of the contact
discretisation is the construction of abstract contact elements, for which three differ-
ent approaches are mostly used. The simplest approach is the node-to-node (NTN)
approach, which is suitable only for problems with conformal discretisation, there-
fore its application is restricted to problems with small deformations. The second
approach is the node-to-segment (NTS) approach [65, 66]. It is the first approach
applicable for finite deformation and large sliding problems; therefore, it is widely
adopted in many codes, despite of its stability problems and punctuality problems
as regards the calculation of the transfer of the load at non-conformal interfaces [67].
The third approach, the most complex and advanced one, is the segment-to-segment
(STS) approach [68,69], which is also applicable to finite deformation and large slid-
ing problems. In terms of accuracy and robustness, the STS approach coupled with
the mortar method is currently the most advanced FEM contact procedure [70–72].
As stated at the beginning of the paragraph, the literature is extremely broad and
this brief overview is only scratching the surface of the years of development which
is out of the scope of this thesis.

Unfortunately, the direct incorporation of the FEM contact algorithms into the
finite volume framework is not possible as they do not share discretisation and so-
lution techniques. In short, the FVM starts from the strong form of the governing
equations and the discretisation procedure which is independent of the cell shape
result in second-order accurate and locally conservative discretisation. The resulting
system of equations, convenient for the efficient application of iterative solvers, is
solved using the segregated solution algorithm which resolves nonlinearities with the
linear convergence rate using outer Picard/Fixed-Point iterations. In contrast, the
FEM starts from the weak form of the governing equations and the discretisation
procedure which depends on the cell shape result in globally conservative discretisa-
tion. The discretisation procedure results in a densely populated coefficient matrix
requiring the application of direct linear solvers. Further, the resolution of nonlin-
earities is possible with the use of quadratic convergence rate by employing the full
or modified Newton-Raphson loop. Finally, contact is treated through an additional
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1. Introduction

contact term in the energy functional, whereas in the FVM it is treated as a special
class of the nonlinear boundary condition. Nonetheless, both numerical methods
resolve contact via incremental and iterative contact algorithms, which may share
the same fundamental idea.

1.2. Present Contributions

This thesis contributes to the field of numerical contact modelling using the finite
volume method. Specifically, the scientific contribution can be summarised as:

• A novel penalty-based contact algorithm, applicable to finite deformation and
to large sliding contact problems, is introduced. Contact algorithm, named the
segment-to-segment algorithm, is based on the integration of contact pressure
across a non-conformal contact interface, thus sharing the same fundamental idea
as the method of the same name in the FEM [68–72]. The main advantages of the
proposed algorithm over the currently available algorithm are improved accuracy,
elimination of the surface-to-surface interpolation and reduction in oscillations
caused by piecewise linear surface discretisation.

• The efficiency of the overall solution procedure can be degraded because of the
explicit contact resolution, especially in the case of poorly adjusted user-defined
factors. To improve the efficiency, an implicit coupling procedure is proposed
using the newly introduced contact algorithm. The boundary contact traction
is linearised using the Picard linearisation method and the implicit equation for
boundary gradient and boundary displacement are derived. Firstly, the simple 1D
contact problems are considered, and the procedure is gradually extended to ac-
count for non-conformal discretisation, boundary non-orthogonality and material
nonlinearities.

• The piecewise linear discretisation of the contact boundary is only an approxima-
tion of the initially smooth contact boundary. Accordingly, the coarse discreti-
sation of the curved contact boundary results in a less accurate distribution of
contact pressure. Also, the non-smoothness of the contact boundary may cause
unphysical oscillations of the contact pressure, and it can negatively affect the con-
vergence rate. To remedy this, smoothing techniques are considered, and a surface
smoothing technique using the Nagata interpolation [73,74] is implemented within
the pointwise contact algorithm.
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1.3. Thesis Outline

• The contact detection within the framework of the finite volume segregated solu-
tion procedure is discussed and a contact detection algorithm based on a object-
oriented bounding box and the advancing front technique is proposed.

The numerical implementation is conducted in a metal forming software package
based on the open-source C++ library foam-extend which is a community-driven
fork of the OpenFOAM library for general computational continuum mechanics [75].
Consequently, existing features as well as the advanced structural solver previously
published in [2], are reused within this thesis and supplemented with new contact
modules proposed in this thesis.

1.3. Thesis Outline

The remainder of the thesis is organised into interrelated chapters which are
designed to be more or less self-sufficient:

• Chapter 2 gives a continuum description of the large deformation frictional
contact problem by summarising relevant quantities of the nonlinear solid me-
chanics and contact mechanics. The governing and constitutive equations are
stated, followed by the formulation of nonlinear contact conditions. Contact
conditions, formulated per fundamental contact laws, are represented as a set
of constraints for normal and tangential directions.

• Chapter 3 describes the FV framework for which contact procedures developed
in this thesis are intended. The framework is based on the implicit cell-centred
unstructured FV method with a segregated solution procedure coupled with
a deferred correction algorithm. The equation discretisation starts from the
strong integral form of the governing equations and contact is treated as a spe-
cial case of nonlinear boundary condition, wherefore it is discussed separately
in Chapter 4. The resulting discretisation coefficients, used in this thesis, are
given, while the equation discretisation is presented in a general manner. In
order to show the limitations and drawbacks, alternative solution procedures
as well as discretisation strategies are discussed.

• Chapter 4 is devoted to contact modelling, thereby it represents the core of
this thesis. Firstly, the difficulties regarding contact modelling are discussed
and the penalty regularisation of contact conditions is explained. The point-
wise contact algorithm from [1, 2] is presented and possible modifications are
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1. Introduction

considered. Next, the developed segment-to-segment algorithm is introduced,
followed by an outline of the numerical implementation and a description of
its features and advantages. Further, to improve the overall efficiency, the
implicit implementation of the proposed contact algorithm is presented. Also,
as a very convenient feature, surface smoothing is considered, and smoothing
using the Nagata interpolation is proposed in combination with the point-
wise contact algorithm. Lastly, contact detection within the FV framework is
discussed and a contact detection algorithm is proposed.

• Chapter 5 is intended to test the robustness and accuracy of the developed
contact procedure by using some of the popular benchmark problems from the
computational contact mechanics literature. The chapter is divided into three
sections. The first section deals with small deformation contact problems,
thus results are compared with the available analytical solutions. The second
section refers to contact problems with material and geometric nonlinearities
for which results from the literature are used for comparison. In the last
section, the applicability to industrial grade problems is shown by solving
metal forming problems. Generally, the capabilities of the FV method in
solving contact problems have not been thoroughly investigated in the current
literature, thus this chapter intends to fulfil this gap. Moreover, by giving a
suitable description of the benchmark problems, this chapter can be especially
useful to new researchers and further development of FV contact algorithms.

• Chapter 6 gives a summary of the thesis and provides possible directions for
further work.

• Appendix A lists some of the analytical solutions of the contact mechanics
used to verify numerical results of benchmark problems.
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2. Continuum Description of Contact
Problem

This chapter is devoted to the mathematical formulation of the mechanical con-
tact problem. The first section deals with the fundaments of non-linear continuum
solid mechanics; the issues related to kinematics, stress and governing equations
are briefly presented. The second section presents the mathematical formulation of
the contact problem in the framework of the continuum mechanics. The non-linear
behaviour of contact is described by introducing contact kinematic and static quan-
tities used to assemble the contact conditions. Lastly, in the penultimate section,
an overview and concluding remarks are given.

2.1. Continuum Solid Mechanics

This section gives a brief overview of general concepts and principles of non-linear
continuum solid mechanics. The presented kinematics, strain and stress relations
together with governing equations are except for numerical aspects also required for
the mathematical modelling of the contact problem, presented in the next section.
Further details and a thorough introduction to the continuum solid mechanics can
be found, for example, in the following textbooks [76–79].

2.1.1. Kinematics

In the continuum mechanics, the motion of a continuum body irrespective of
its cause is described using kinematic quantities. Continuum body, defined as a
set of continuously distributed points/particles in the three-dimensional Euclidean
space, undergoes a continuous set of configurations in a given time interval. The
configuration at t = 0 is called reference or material configuration, whereas any
subsequent configuration at time t is called a current or spatial configuration, see
Fig. 2.1.

When defining kinematic quantities we can distinguish two main descriptions
of motion: the Lagrangian (material) description and the Eulerian (spatial) de-
scription. Although they are mathematically equivalent, from the viewpoint of the
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2. Continuum Description of Contact Problem

computational solid mechanics, the logical/suitable choice is the Lagrangian de-
scription in which the current (spatial) configuration is described via configuration
mapping X defined using reference (material) quantities.

Reference configuration

time t

x,X

Xtime t = 0

X

x(X, t)
Current configuration

Ω

y, Y

z, Z

u(X, t)

Ω0

dX

dxdΩ0

dΩ

dΓ0

dΓ

P

P0

Γ0 Γ

Figure 2.1. Reference and current configuration of the continuum body in motion

The displacement of material particle P0 is derived as the difference between its
associated vectors x and X for the current and initial configuration:

u(X, t) = x(X, t)−X. (2.1)

The displacement field does not include information regarding volume change, rota-
tion or shape change, therefore the gradient of the deformation map X is introduced:

F(X, t) = ∂X (X, t)
∂X

= ∂x
∂X

, (2.2)

where F(X, t) is the deformation gradient which maps line element dX to corre-
sponding line element dx, for the reference configuration:

dx = F • dX. (2.3)

Using Eq. (2.1) the deformation gradient can be expressed in terms of displacement
field:

F = ∂u(X, t)
∂X

+ ∂X
∂X

= ∂u(X, t)
∂X

+ I = (∇0u)T + I, (2.4)

where I is the second order identity tensor and∇0 indicates the gradient with respect
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2.1. Continuum Solid Mechanics

to material configuration. Apart from the line element, it is also possible to map
other quantities, such as reference volume element dΩ0:

dΩ = J dΩ0, (2.5)

and reference area element dΓ0 by using Nanson’s relation:

dΓ = J F−TdΓ0, (2.6)

where J denotes the determinant of the deformation gradient J = det(F). This
quantity (also called Jacobian) should be always positive to satisfy the impenetra-
bility condition of body particles.

By employing the left or right polar decomposition, the deformation gradient
can be decomposed into rotational (orthogonal) tensor and stretch (symmetric and
positive definite) tensor:

F = R • U = v • R, (2.7)

where R is a rotational tensor and U and v are right and left stretch tensors, respec-
tively. Pure rotation, represented with the rotational tensor, does not contribute to
stresses; therefore, stretch tensors are used when defining strain tensors.

The finite strain tensors defined either in the material or the spatial configuration
are defined as the difference of squared length of line element:

dx • dx− dX • dX = 2dX • E • dX = 2dx • e • dx (2.8)

where E and e are the Green-Lagrange and Eulerian-Almansi strain tensors, respec-
tively. For the Lagrangian description of motion, the Green-Lagrange strain tensor
is a logical choice, however, it should be noted that a variety of other strain tensors
exist in the literature. Using Eq. (2.3) the square length of a line element in the
reference configuration is:

dx • dx = dX •
(
FT • F

)
• dX = dX • C • dX, (2.9)

and in the current configuration:

dX • dX = dx •
(
F • FT

)−1
• dx = dx • b−1 • dx, (2.10)
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2. Continuum Description of Contact Problem

where C and b are right and left Cauchy-Green tensors, respectively. By employing
Eq. (2.7) it is possible to define these tensors via stretch tensors:

C = FT • F = U2, b = F • FT = v2. (2.11)

Finally, using Eqs. (2.8), (2.9) and (2.10) it is possible to write strain tensors E and
e as:

E = 1
2 (C− I) , e = 1

2
(
I− b−1

)
. (2.12)

2.1.2. Stress

In the previously presented kinematic relations, the motion of the body is caused
by the internal and boundary forces acting on the body. In the case that motion
includes deformation, internal and boundary stresses arise.

For the arbitrary chosen differential area dΓ = ndΓ in the current configuration,
the differential resultant force df acting on it is:

df = t dΓ, (2.13)

where t is the Cauchy traction vector, which is according to the Cauchy theorem
linearly mapped as:

t dΓ = σ • n dΓ = σ • dΓ, t = σ • n. (2.14)

Tensor σ, called the Cauchy stress tensor, is a symmetric tensor that represents
the stress state in the current configuration using spatial quantities. To define its
counterpart for the reference configuration, Nanson’s relation (Eq. (2.6)) can be
used:

t dΓ = J σ • F−T • dΓ0 = P • dΓ0, P = J σ • F−T , (2.15)

where P is a two-point nonsymmetric tensor also referred as the first Piola-Kirchhoff
stress tensor. The first Piola-Kirchhoff tensor represents a spatial resultant force
with material quantities. To represent stress using solely material quantities, the
differential resultant force is pulled back to material configuration:

F−1 • df = F−1 • P • dΓ0 = S • dΓ0, S = J F−1 • σ • F−T , (2.16)

where S is the symmetric tensor also referred as the second Piola-Kirchhoff stress
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2.1. Continuum Solid Mechanics

tensor. An alternative to the Cauchy stress tensor is the Kirchhoff stress tensor
which coincides with it in the case of incompressible deformations as follows:

τ = Jσ. (2.17)

Apart from the presented stress tensors, it should be noted that other stress tensors
exist in continuum mechanics literature.

2.1.3. Governing Equations

To describe motion and deformation of the continuum body upon applied loads
the conservation or balance laws are used. There are five fundamental conservation
laws that refer to the conservation of mass, linear momentum, angular momentum,
energy, and entropy inequality. Since this thesis considers purely mechanical contact
problems, the conservation of the energy and entropy inequality principle are not
considered. In fact, for such a problem, the only fundamental law of interest is the
conservation of linear momentum; the conservation of angular momentum proves the
symmetry of the Cauchy tensor whereas mass conservation proves that motion and
state of the body do not affect its mass. For the Lagrangian description of motion,
the strong integral form of the conservation of the linear momentum, formulated
with respect to the current configuration, can be written as:

∫
Ω

∂

∂t
(ρv) dΩ =

∮
Γ
σ • n dΓ +

∫
Ω
ρ bΩ dΩ, (2.18)

where v is the velocity vector, ρ is the density and bΩ are volume forces per unit
mass. The term on the left-hand side presents inertial forces, whereas the first
and the second term on the right-hand side present surface and body forces —
their equality is in fact generalisation of Newton’s second law of motion. Since
displacement u is commonly taken as a solution variable in numerical procedures,
it is more convenient to rewrite the left-hand side of the Eq. (2.18) as follows:

∫
Ω

∂

∂t

(
ρ
∂u
∂t

)
dΩ =

∮
Γ
σ • n dΓ +

∫
Ω
ρ bΩ dΩ. (2.19)

The momentum balance derived with respect to the current configuration can be
used under the assumption of infinitesimally small displacement, i.e. when current
and reference configuration coincide. For large deformation problems current config-
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uration is unknown therefore it is more convenient to formulate momentum balance
with respect to the known material configuration:

∫
Ωo

ρo
∂2u
∂t2

dΩo =
∮

Γo

(JF−T • no) • σ dΓo +
∫

Ωo

ρobΩ dΩo, (2.20)

where subscript o is used to denote the material configuration (also called origi-
nal configuration). Equivalently, the momentum balance can be reformulated with
respect to any intermediate, i.e. updated configuration, denoted with subscript u:

∫
Ωu

∂

∂t

(
ρu
∂u
∂t

)
dΩu =

∮
Γu

(jf−T • nu) • σ dΓu +
∫

Ωu

ρubΩ dΩu, (2.21)

where f is the relative deformation gradient and j is the relative Jacobian, j = det(f).
The integration over the initial configuration is referred to as the Total Lagrangian
(TL) approach whereas the integration over the updated configuration is referred
to as the Updated Lagrangian (UL) approach. Mathematically, both approaches
are equivalent — they differ in which configuration static and kinematic variables
correspond to [80].

From the aspect of numerical procedures, the usage of the UL or TL approach
differs in terms of numerical efficiency, i.e. suitability to provide a more accu-
rate/robust numerical procedure. It is a common practice to use them in incremental
forms in which the displacement field is decomposed using displacement increment
∆u and displacement field uu from the last calculated configuration, see Fig. 2.2.

Initial configuration

Updated configuration

P0

Pu

P

Current configuration

Ω

Ωu

Ω0

Γ0

Γu

Γ

uu
∆u

u

t = t(m−1)

t = t(m)

t = t0

Figure 2.2. Reference and current configuration of the continuum body in motion
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2.1. Continuum Solid Mechanics

In this thesis the incremental UL approach is employed, i.e. momentum balance is
formulated as:
∫

Ωu

∂

∂t

(
ρu
∂(u(m−1) + ∆u)

∂t

)
dΩu =

∮
Γu

(jf−T •nu) •σ dΓu +
∫

Ωu

ρubΩ dΩu, (2.22)

where superscript m is used to denote the time-increment. Accordingly, superscript
m − 1 denotes the time-increment of the updated configuration, i.e. uu = u(m−1).
The relative deformation gradient, calculated with respect to the updated configu-
ration, is:

f = [∇u(∆u)]T + I (2.23)

where ∇u denotes the gradient with respect to the updated configuration.

2.1.4. Constitutive Equations

The constitutive equations or the so-called equations of state are linking equa-
tions between the previously presented stress and the strain quantities. In other
words, for the considered conditions, the constitutive relations are used to approxi-
mate the physical behaviour of the analysed material. Accordingly, they depend on
the considered material properties. Generally, constitutive relations are based on
phenomenological constitutive models which rely on the experimental investigation
of the material behaviour.

This thesis employs a rate-independent isotropic hyperelastoplastic constitutive
relation based on the Kröner-Lee multiplicative decomposition of the deformation
gradient F = Fe • Fp together with the deviatoric-volumetric split of the strain
energy function W = W (F). For the strain energy function, expressed as a function
of the deformation gradient, the Kirchhoff stress tensor is defined as:

τ = Jσ = 2Fe ∂W

∂CeF
eT. (2.24)

Using the uncoupled strain energy function of the compressible neo-Hookean mate-
rial [76], Eq. (2.24) yields:

τ = J
K

2

(
J2 − 1
J

)
I + µ dev(b̄e), (2.25)

where the first and the second term on the right-hand side represent volumetric and
deviatoric component, respectively. The b̄e is the volume preserving component of
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the elastic left Cauchy-Green tensor, defined as:

b̄e = J−
2
3 be = J−

2
3 Fe • FeT. (2.26)

Note that for the incompressible (isochoric) plastic deformation Je = J thus super-
script e is omitted. It is possible to express bulk modulus K and shear modulus
µ in Eq. (2.25) using more common material parameters, Young modulus E and
Poisson’s ratio ν:

µ,G = E

2(1 + ν) , K = E

3(1− 2ν) . (2.27)

Eq. (2.25) is also used to model purely elastic response (compressible hyperelastic
material). Moreover, it is suitable in the case of a small strain regime since its
reduced form corresponds to the Hookean constitutive relation. The plasticity is
modelled using the classical Huber-von Mises J2 yield function, formulated as:

f(τ , εp,eq) = ||dev(τ )|| −
√

2
3σY , (2.28)

where σY = σY (εp eq) is the yield stress and εp eq is the equivalent plastic strain.
The associative flow rule is formulated as:

∂

∂t
(F̄−1

• b̄eF̄−T) = −2
3 γ tr(b̄e) F̄−1

• N • F̄−T
, N = dev(τ )

||τ ||
, (2.29)

where γ is the consistency parameter. The rate of change of the hardening is given
by:

ε̇p eq =
√

2
3γ, (2.30)

To complete the model, the consistency parameter and yield function are subjected
to the Karush-Kuhn-Tucker (KKT) conditions together with consistency condition:

γ > 0, f(εp eq) 6 0, γf(εp eq) = 0, γḟ(εp eq) = 0. (2.31)

It should be noted that the mathematical formulation of the contact problem
is independent of the constitutive relations applied to bodies in contact [63]. Since
the main focus of this thesis is contact modelling, further details regarding consti-
tutive equations can be found in [76,78,81]. More insights regarding the numerical
implementation of the presented constitutive equations in the context of the finite
volume method can be found in [2].
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2.2. Continuum Contact Mechanics

In the nonlinear solid mechanics, the previously presented equations are com-
bined to assemble the boundary value problem, in which portions of the boundary
are treated using the Dirichlet or Neumann boundary conditions. These portions
of the boundary are known in advance, as well as their prescribed time-dependent
distribution of the external traction or displacement. In contrast to this, the contact
interaction results in the boundary with unknown distribution of displacement and
contact traction. Besides, the contact boundary is a priori unknown, and it can
change in time. Due to these reasons, the contact boundary needs special attention,
i.e. mathematical treatment, in order to describe its highly nonlinear behaviour.

The intention of this section is to provide the contact quantities needed to for-
mulate nonlinear contact conditions, which will be used to develop the numerical
treatment of the contact boundary. From the continuum standpoint, contact treat-
ment is independent of the applied numerical method; therefore, more details about
mathematical modelling of contact can be found in the contact mechanics litera-
ture [14, 82], or in the computational contact mechanics literature [5, 63,64].

2.2.1. Contact Kinematics

Before introducing fundamental contact quantities, consideration of two de-
formable bodies under contact at the current configuration is needed, as shown
in Fig. 2.3. To identify bodies, superscript i = {1, 2} is introduced. Note that
the contact between two deformable bodies is a general scenario, thus the contact
between a deformable body and a rigid obstacle, the self-contact and the contact
between multiple bodies are in fact special cases covered by the description herein.
Boundary Γ(i) of each body Ω(i) is divided into the following non-intersecting por-
tions:

Γ(i)
u ∪ Γ(i)

σ ∪ Γ(i)
c = Γ(i),

Γ(i)
u ∩ Γ(i)

σ = Γ(i)
σ ∩ Γ(i)

c = Γ(i)
u ∩ Γ(i)

c = ∅,
(2.32)

where Γ(i)
u and Γ(i)

σ denote the portions of the boundary where displacement u(i)
b

and traction t(i)
b are prescribed, respectively. The portion of the boundary where

contact occurs is denoted with Γ(i)
c . Further, we can distinguish two parts of the

contact boundary: active and inactive. For the current configuration, active and
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inactive parts are a priori unknown and they are part of the non-linear solution
process for the current configuration. Moreover, they continuously evolve with time
which means that for each time instance the potential contact boundary must be
assumed in advance.

X
Y

Z Ω(1)

Γ(1)
σ

Γ(1)
u

Γ(2)
σ

t(2)
b

u(2)
b

Ω(2)

Γ(2)

u(1)
b

t(1)
b

Γ(1)

Γ(2)
u

Γ(1)
c

Γ(1)
c

Γ(2)
c

nc

gn > 0
gn = 0 Γ(2)

c

x(1) = x̂(2)
x(1)

x̂(2)

Figure 2.3. Current configuration of two deformable bodies in contact

As stated, for the current configuration, the portion of the boundary in contact
is unknown and must be determined. Because of such type of non-linearity, contact
related quantities are derived with respect to the current configuration while the
momentum balance is derived for the initial or the updated configuration.

To measure the proximity of bodies in contact, i.e. the distance between them,
the fundamental contact quantity, called gap function, is defined:

gn(x(1),Γ(2)
c ) =

[
x(1) − x̂(2)(x(1),Γ(2)

c )
]
• nc (2.33)

where x(1) denotes point on the contact surface Γ(1)
c and x̂(2) denotes its projection

on surface Γ(2)
c . There are multiple approaches to the determination of projected

point x̂(2) and corresponding contact normal vector nc. The most common approach
defines projection as the minimum distance between point x(1) and surface Γ(2):

x̂(2) = arg min
x(2)∈Γ(2)

c

||x(1) − x(2)||. (2.34)

Eq. (2.34) represents the minimisation problem, which under centrain conditions
— results in an orthogonal projection, as shown in Fig. 2.3. Next, the definition of
the normal gap using Eq. (2.34) results in the asymmetric treatment of contact, i.e.
the projected points do not have the same value of the gap function, see Fig 2.4 a).
Futhermore, Fig. 2.4 b) and c) shows scenarios in which such an approach does not
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have a solution or results in multiple solutions [5, 83]. These problems are further
emphasized for the discretised boundary; therefore, this thesis employs a slightly
different approach in which contact normal, nc, at point x(1) is used for projection,
as proposed in [84–86]. Such an approach, essentially based on the ray-tracing pro-
jection [87], offers some practical advantages over the minimum distance approach;
however, it should be noted that other possibilities exist in the literature, for exam-
ple, the shadow projection method [88]. Since from the continuum viewpoint, the
active part of the contact boundary coincides and has zero value of the normal gap,
irrespectively of its definition; this will be discussed in more detail in Chapter 4.

Γ(1)
c

Γ(1)
c

nc

Γ(2)
c Γ(1)

c

x̂(2)x(1)
Γ(1)
c

nc Γ(2)
c

x(1)

Γ(2)
c

a) b) c)

x(1) x̂(2)

Γ(2)
c

nc nc
x̂(2)

nc
x̂(2)

x(1)

Figure 2.4. Minimum distance projection: a) asymmetry in gap function, b) non-
existence of solution and c) existence of multiple solutions

The second kinematic quantity, relative tangential velocity, is used to describe
the frictional contact response by means of the relative motion of surfaces in contact.
The relative tangential velocity is defined as the change between point x(1) and its
projection:

ġt(x(1)) = (I− ncnc) •
[
ẋ(1)(x(1))− ˙̂x(2)(x(1))

]
. (2.35)

where (I − ncnc) is the projection tensor [64] and the dot superscript is used to
denote the time derivative. Although ġt is a common notation in the literature, due
to the ambiguity, it is more convenient to denote the relative tangential velocity
as vt [5]. Alternatively, incremental slip ∆gt can be used instead of the relative
tangential velocity [70,85,89]:

∆gt(x(1)) = (I− ncnc) •
[̊
x(1)(x(1))−˚̂x

(2)
(x(1))

]
, (2.36)

where superscript ◦ is defined as:

(φ̊) = dφ
dt ∆t = φ(m) − φ(m−1), (2.37)
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where φ is a generic quantity and ∆t is a arbitrary time increment. Equations for
the incremental slip and the relative tangential velocity are exact in the case of
continuum formulation — for perfect sliding and persistent contact (gn = ġn = 0).
Otherwise, they are not frame-indifferent and they do not include the change of the
closest point during sliding. Nevertheless, they are typically employed, although the
prerequisites are not exactly met; the interested reader can find further details on
this topic in [5, 63].

2.2.2. Contact Traction

On the active part of the contact boundary, contact stress arises and momentum
balance, i.e. the action-reaction principle, must be satisfied at each contact point:

t(1) = −t(2), (2.38)

where t here denotes the contact traction (contact stress vector). In the absence of
additional tractional forces, the inactive part of the contact boundary is treated as
a stress-free boundary:

σ(i) • n(i) = 0. (2.39)

Next, the contact traction is decomposed into the normal and tangential compo-
nents:

t(i) = t(i)
n + t(i)

t . (2.40)

The normal component is further defined using a scalar variable, normal contact
pressure, and outward-pointing surface normal vector:

t(i)
n = (t(i) • n(i)) • n(i) = pnn(i). (2.41)

The tangential component, commonly denoted as tangential contact pressure pt is
obtained using projection tensor P = (I− n(i)n(i)):

t(i)
t = (I− n(i)n(i)) • t(i) = P • t(i). (2.42)

The unknown distribution of the contact traction components interrelates with the
contact conditions explained in the next section.
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2.2. Continuum Contact Mechanics

2.2.3. Contact Conditions

At the contact surface, the unknown distribution of the contact traction cannot
be uniquely defined, therefore this section introduces the concept of contact condi-
tions. Contact conditions are in accordance with fundamental contact laws derived
using the previously presented contact quantities. The non-linear contact behaviour
in the normal and tangential directions obey the contact conditions for these direc-
tions. Consequently, the conditions for the normal and tangential directions are
represented with non-linear functions which are interdependent and non-smooth
(not-differentiable).

Normal contact conditions

In accordance with the unilateral contact law the contact behaviour in the normal
direction is formulated using normal contact pressure pn and gap function value gn:

pn 6 0, gn > 0, pngn = 0. (2.43)

The first condition implies that only compressive interaction exists (no adhesion),
whereas the second term represents the geometric condition of the impenetrability
of bodies in contact. The third term is a complementary condition that forces zero-
gap value in the case of contact or zero value of contact pressure if there is no
contact (gn > 0). In the frictionless contact mechanics, these conditions are called
the Hertz-Signorini-Moreau conditions, while in the optimisation theory they are
known as the KKT conditions [90].

The graphical representation of the normal contact conditions is shown in Fig.
2.5 — the admissible combinations of gn and pn are coloured in red. As can be seen,
the value of the contact pressure cannot be defined using the contact conditions.
Moreover, the dependence of pressure and the normal gap is represented with a
function that is non-linear and non-differentiable. As a result, the contact pressure
can take an infinite number of negative values in the case of contact.
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gn
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Figure 2.5. Graphical representation of normal contact conditions

Tangential contact conditions

This thesis employs the classical Coulomb friction law to describe the contact
with dry friction response. The same as for normal conditions, the tangential (fric-
tional) conditions are also represented using the KKT conditions:

Φ 6 0, ζ > 0, Φζ = 0,

Φ = ||tt|| − µ|pn|,

ġt + ζ
tt
||tt||

= 0,

(2.44)

where ζ is the slip factor, Φ is the slip function and µ is the constant coefficient of
friction, chosen with respect to material properties of bodies in contact. The first
inequality condition, commonly called the Coulomb friction condition, mandates
that the value of the tangential traction cannot exceed the threshold value defined
using the normal contact pressure and the coefficient of friction. The second condi-
tion defines that the tangential traction is collinear and in the opposite direction of
its slip direction. The last condition is the complementary condition which states
that the slip is zero if the tangential traction is not equal to its threshold value.
Alternatively, the existence of slip mandates that the tangential traction have its
threshold value. In accordance with the last condition, we can distinguish two con-
tact statuses: slip (ζ > 0) and stick (ζ = 0, no relative motion of the points in
contact).

The graphical representation of tangential contact conditions is shown in Fig. 2.6
— the left-hand side represents the dependence of tangential traction and tangen-
tial sliding whereas the right-hand side represents the relation between the normal
contact pressure and the component of the tangential traction (Coulomb’s frictional

22



2.2. Continuum Contact Mechanics

cone). Similarly to the normal direction, the friction law is represented with a non-
differentiable Heaviside function. Moreover, the tangential conditions are related
to the normal conditions and only the threshold value of the tangential traction is
defined, while the tangential traction in the case of the stick status is not defined.

ġt

tt

µpn

−µpn

slip

slip

st
ick

tt,2

tt,1

pn

sli
p slipµ

µ|pn|

st
ick

Figure 2.6. Graphical representation of tangential contact conditions

Due to the interrelation of the contact conditions, it is useful to summarise
possible scenarios for each point on the potential contact boundary Γ(i)

c :


contact active pn < 0, gn = 0


stick status ġt = 0, ||tt|| < µ|pn|

slip status ġt > 0, ||tt|| = µ|pn|
,

contact inactive gn > 0, pn = 0, tt = 0 .

(2.45)

It should be noted that the presented normal and tangential contact conditions
purely rely on the macroscopic observation of contact. Albeit such an approach
is widely used in the computational contact mechanics, it is possible to take into
account the micromechanical behaviour of contact surfaces by using statistically
and experimentally developed constitutive relations. Nonetheless, the inclusion of
such effects is straightforward if the numerical procedure based on macroscopic
observation is already developed. From the perspective of the computational contact
mechanics, more details on the micromechanical modelling of contact phenomena
can be found in [5, 90].
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2. Continuum Description of Contact Problem

2.3. Summary

This chapter provides a continuum-based formulation of the frictional contact
problem between deformable solids. Bodies can undergo material as well as geomet-
ric nonlinearities, while the contact is considered as isothermal and non-adhesive.

In the first part, a review of the general principles of nonlinear solid mechanics
is given. Fundamental kinematic, stress and strain quantities are introduced and
used to present governing and constitutive equations. The second part is devoted to
contact modelling. Using the presented contact quantities, the contact conditions
for normal and tangential directions are formulated in accordance with fundamental
contact laws: the impenetrability law and the Coulomb friction law.

The presented governing equation together with the constitutive equation and
contact conditions, form the required set of equations needed to describe the class
of contact problems dealt with in this thesis. Since these equations are well-known
and their background can be discussed extensively, the presentation is kept brief
and yet sufficient to cover all details necessary for the numerical discretisation using
the finite volume method.
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3. Finite Volume Structural Solvers

3.1. Introduction

The goal of this chapter is to provide an overview of one dominant class of
structural solvers, for which the contact procedures, presented below, are developed.
Since the finite volume (FV) discretisation starts with the strong integral form of
the governing equations, the contact treatment can be analysed separately as a
special class of the nonlinear boundary condition. Accordingly, the contact boundary
conditions are discussed separately in Chapter 3.

The presented class of the FV structural solvers is based on the implicit cell-
centred unstructured FV method with second-order spatial discretisation using com-
pact computational molecules. The resulting system of equations (sparse and di-
agonally dominant) is solved employing a memory-efficient segregated solution pro-
cedure coupled with a deferred correction algorithm. Such a procedure is proven
to be capable of solving highly nonlinear problems of solid mechanics and the ma-
jority of the developed structural solvers relies on it. It should be point out that
some recent developments show that the coupled solution technique is a promising
direction for further developments. However, the segregated solution procedure is
still the only procedure capable of solving a broad spectrum of challenging nonlinear
solid mechanics problems.

In the following sections, an overview of the cell-centred unstructured FV dis-
cretisation procedure is given. First, the discretisation of the solution domain is
presented, followed by the discretisation of the governing equations. The equation
discretisation is given rather in a general way by discretising the general form of mo-
mentum balance which is valid both for UL and TL formulation. The next sections
present the treatment of the three main boundary conditions and characteristics of
the resulting system of equations. Finally, the solution procedure is summarised
and discussed. In the end, an overview of the available alternative solution or dis-
cretisation procedures is shown for the cell-centred FV method.
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3. Finite Volume Structural Solvers

3.2. Discretisation

The finite volume discretisation procedure transforms the strong integral form of
the governing equations into a corresponding system of linear algebraic equations.
These equations represent a discrete approximation of the exact integral equations.
The description of the discretisation procedure is separated into two distinct parts:
solution domain discretisation and equation discretisation.

3.2.1. Solution Domain Discretisation

The discretisation of the solution domain is divided into space and time discreti-
sation. The time discretisation consists of a division of the total simulation time
interval into finite number of constant or varying time increments ∆t and solving
governing equations in a time-marching manner. The domain space is discretised
by dividing it into the finite number of arbitrary convex polyhedral cells (control
volumes) with computational nodes located at their centroids. The polyhedral cells
do not overlap and fill space completely. The equation discretisation is not depen-
dent on cell shape, therefore the domain space can consist of different cell shapes
arranged in an either structured or unstructured manner.

An arbitrary polyhedral cell with volume ΩP and computational node P located
at rP is shown in Fig. 3.1. The neighbouring cell with computational node N is
connected to P with vector df and it shares the same face f with area vector Γf .

x

N

P

y Γf

f

df

rP

ΩP

z

Figure 3.1. Arbitrary convex polyhedral cell [4]
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3.2. Discretisation

3.2.2. Equation Discretisation

Since the equation discretisation is interdependent on the solution methodology,
the discretisation presented here is designed for the segregated solution procedure
in which the resulting system of equations is temporarily decoupled and solved
sequentially per each component. To account for the inter-component coupling, the
outer Fixed-point/Picard iterations are performed.

We can distinguish two different treatments of the equation terms: implicit
and explicit. The implicit treatment refers to the discretisation using an unknown
solution variable, whereas the explicit treatment refers to the calculation using the
available value of the solution variable. Accordingly, the explicit treatment will
contribute to the source vector of the resulting system of the equations, whereas the
implicit treatment will contribute to the resulting left-hand side coefficient matrix.

In the case of an isothermal Hookean solid (small strain and rotations) the term
which represents the surface forces has the following form:

∮
Γo

no • σ dΓo =
∮

Γo

no •
[
µ∇u + µ∇uT + λtr(∇u)I

]
dΓo, (3.1)

where only the first term µno•∇u (surface displacement Laplacian) can have implicit
treatment. The remaining terms (inter-equation coupling terms) are explicitly dis-
cretised and updated in a lagged correction manner.The second and the third term
(Laplacian transpose term and trace term) are inter-equation coupling terms, which
are explicitly discretised and updated in a lagged correction manner. In [18] it is
shown that approximating the Laplacian transpose term and trace term using the
displacement Laplacian can significantly improve the convergence rate:
∮

Γo

(2µ+ λ) no • ∇u dΓo +
∮

Γo

no •
[
µ∇uT + λtr(∇u)I− (µ+ λ)∇u

]
dΓo. (3.2)

Although this modification allows for an optimal convergence rate, in the case of
strong inter-equation coupling, a drastically lower convergence rate can be still ex-
pected [18,24].

By further rearrangement, Eq. (3.2) can be rewritten as:
∮

Γo

(2µ+ λ) no • ∇u dΓo +
∮

Γo

no • σ dΓo −
∮

Γo

(2µ+ λ) no • ∇u dΓo, (3.3)

where only the first term is treated implicitly and the remaining terms are treated
explicitly. It can seen that the modified equation is mathematically equivalent to
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3. Finite Volume Structural Solvers

original Eq. (3.1) since the first and the third term cancel out.
Using Eq. (3.3) the conservation of linear momentum (Eq. (2.19)) has the following
form:
∫

Ωo

ρo
∂2u
∂t2

dΩo =
∮

Γo

tσ dΓo +
∮

Γo

no • σ dΓo −
∮

Γo

tσ dΓo +
∫

Ωo

ρobΩ dΩo, (3.4)

where traction field tσ = (2µ+λ) no •∇u is used to denote the approximation of the
surface forces in terms of displacement field. The diffusion coefficient, (2µ+λ), is also
called implicit stiffness because its value matches the first three diagonal components
of the fourth-order stiffness (constitutive) tensor for linear elasticity [57]. In the
case of a non-linear constitutive relation, the choice of optimal traction field tσ,
i.e. implicit stiffness is less trivial; however, the approximation used for the linear-
elastic solid can be applied without drastically affecting the overall efficiency [57].
Accordingly, the conservation of the linear momentum in the case of the TL and UL
formulation (Eq. (2.20) and Eq. (2.21)) can be rewritten as:

∫
Ωo

ρo
∂2u
∂t2

dΩo =

=
∮

Γo

tσ dΓo +
∮

Γo

(JF−T • no) • σ dΓo −
∮

Γo

tσ dΓo +
∫

Ωo

ρobΩ dΩo,
(3.5)

∫
Ωu

ρu
∂2u
∂t2

dΩu =

=
∮

Γu

tσ dΓu +
∮

Γu

(jf−T • nu) • σ dΓu −
∮

Γu

tσ dΓu +
∫

Ωu

ρubΩ dΩu.
(3.6)

In the case of the incremental UL or TL form, dependent variable u is replaced by
u(m−1) + ∆u. It is possible to arrange Eq. (3.4), (3.5) and (3.6) in a general form
for which discretisation of each component will be given separately:

∫
Ω
ρ
∂2φ

∂t2
dΩ︸ ︷︷ ︸

Temporal term

=
∮

Γ
(2µ+ λ)n • ∇φ dΓ︸ ︷︷ ︸

Implicit
diffusion term

−
∮

Γ
(2µ+ λ)n • ∇φ dΓ︸ ︷︷ ︸

Explicit
diffusion term

+
∮

Γ
n • σ̂ dΓ︸ ︷︷ ︸
Explicit

surface source term

+
∫

Ω
ρbΩ dΩ︸ ︷︷ ︸

Volume source term

,
(3.7)

where dependent variable φ can be either in total or incremental form. In the case
of the UL formulation, all values are referred to the updated configuration, whereas
in the case of the TL formulation the values are referred to the initial undeformed
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3.2. Discretisation

configuration.

Approximation of the surface and volume integrals

By assuming the linear variation of dependent variable φ across the CV interior
and surfaces:

φ(r) = φP + (r− rP ) • (∇φ)P ,

φ(r) = φf + (r− rf ) • (∇φ)f ,
(3.8)

the volume integrals together with surface integrals in Eq. (3.7) are approximated
to a second-order accuracy by employing the mid-point rule:

∫
Ω
φ(r) dΩ = φPΩP ,

∫
Γ
φ(r) dΓ = φfΓf . (3.9)

Temporal term

The time derivative is discretised using the backward Euler finite differencing
scheme: (

∂φ

∂t

)(m)

≈ φ
(m)
P − φ(m−1)

P

∆t(m) , (3.10)

which is bounded and first-order accurate in time. Superscript m is used to denote
the current time instance to which value refers. The first antecedent time instance
is denoted with m − 1, while the second one with m − 2. Using Eq. (3.10) the
temporal term in Eq. (3.7) is discretised as:

∫
Ω
ρ
∂2φ

∂t2
dΩ ≈ 1

∆t(m)

(ρPΩP
∂φ

∂t

)(m)

−
(
ρPΩP

∂φ

∂t

)(m−1)


≈ 1
∆t(m)

(ρPΩP )(m)

φ(m)
P − φ(m−1)

P

∆t(m)

− (ρPΩP )(m−1)

φ(m−1)
P − φ(m−2)

P

∆t(m−1)

 .
(3.11)

Instead of the first-order scheme, it is possible to discretise temporal term using any
other second-order scheme [4,18,91].

Diffusion term

The implicit diffusion term is decomposed into the orthogonal and non-orthogonal
component using the over-relaxed approach [92,93]. The normal component, calcu-
lated using the central differencing scheme is implicitly treated, whereas the non-
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3. Finite Volume Structural Solvers

orthogonal component is treated explicitly:
∮

(2µ+ λ)n • ∇φ dΓ =
∑
F

∫
Γf

(2µf + λf )nf • (∇φ)f dΓf

≈
∑
F

(2µf + λf )
[
||∆f ||

φN − φP
||df ||

+ kf • (∇φ)∗f︸ ︷︷ ︸
Non-orthogonal correction

]
||Γf ||,

(3.12)

where ∆f = df/(df • nf ) and kf = nf −∆f . Superscript ∗ is introduced to denote
explicitly calculated values. The non-orthogonal component (correction for cell-face
non-orthogonality) is treated in a lagged correction manner with the face-centre
gradient calculated using the linear interpolation:

(∇φ)∗f ≈ γx(∇φ)∗P + (1− γx)(∇φ)∗Nf
, (3.13)

where γf = ||rNf
− rf ||/||df || is the interpolation weight determined by using the

inverse distance method. The cell centre gradient is calculated by using the weighted
linear least-squares method [16,18].

The explicit diffusion term is calculated also by using Eq. (3.12) but with the
explicit calculation of the normal component. Accordingly, because of the identical
discretisation, the explicitly and the implicitly discretised diffusion term cancel out
for the final converged solution.

By employing Eq. (3.12) the diffusion term is discretised using a compact com-
putational molecule, therefore oscillations with twice the period of the cell size will
not be registered. To reduce the oscillations, i.e. the so-called checker-boarding
spatial instabilities (known as zero-energy modes or hourglassing in the FEM) it is
possible to introduce additional numerical diffusion by employing the Rhie-Chow
stabilisation term [16, 94]. The stabilisation term is calculated by employing linear
interpolation (3.13), which consequently results in the usage of a larger computa-
tional molecule:

∑
F

∫
Γf

(2µf + λf ) nf • (∇φ)f dΓf =
∑
F

(2µf + λf ) nf •
[
γx(∇φ)∗P + (1− γx)(∇φ)∗Nf

]
||Γf ||.

(3.14)

The final form of the stabilisation term is obtained by subtracting Eq. (3.14) from
Eq. (3.12) and by multiplying it with a scaling factor — typically set to αRC = 0.1.
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Similar smoothing effects are obtainable by using alternative approaches, such as
the Jameson–Schmidt–Turkel [95] or the Godunov-type [96] approach, see [4] for
further details.

Surface source term

Using the mid-point rule, the surface diffusion source terms are discretised as
follows: ∮

Γ
n • σ̂ dΓ =

∑
f

∫
Γf

nf • σ̂f dΓf ≈
∑
f

Γf • σ̂f . (3.15)

The general form of stress tensor σ̂ in the case of the UL or the TL formulation is:

σ̂f UL = (jσ • f−T)f , σ̂f TL =(Jσ • F−T)f . (3.16)

where Cauchy stress tensor σ is calculated in accordance with the chosen consti-
tutive equation. In this thesis, the Cauchy stress tensor for hyperelastic and hy-
perelastoplastic material behaviour is calculated using Eq. (2.25). In the case of
an isothermal Hookean solid (small strain and rotations), due to the assumption of
infinitesimal deformations, tensor σ̂ coincides with σ and it has the following form:

σf = µf (∇u)f + µf (∇u)T
f + λf tr(∇u)fI. (3.17)

Irrespective of the constitutive equation applied, the Cauchy stress tensor, i.e. sur-
face source term is completely explicitly calculated — superscript ∗ is omitted for
better clarity.

Volume source term

Similarly to the surface source term, the volume integral of the body forces is
discretised as: ∫

Ω
ρbΩ dΩ ≈ ρPbΩ PΩP . (3.18)

3.2.3. Boundary and Initial Conditions

In the derived discretisation of the linear momentum, all faces are treated as
internal and no distinction is made for faces at the boundary of the discretised
solution domain. To account for these faces and their conditions, the boundary
conditions are incorporated into the discretised linear momentum equation.
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3. Finite Volume Structural Solvers

Figure 3.2 shows the boundary face with its centre b and distance vector db. To
take the boundary non-orthogonality into account, distance vector db is decomposed
into the orthogonal dn = (nb • db)nb and the non-orthogonal kb component. In
solving fluid flow problems it is a standard practice to assume constant distribution
of φ across the face, therefore there is no need to perform boundary non-orthogonal
correction. Previous studies [50, 97] show that introducing such an assumption in
solid mechanics results in the unphysical distribution of stresses at the boundary.
Because of that, preserving the second-order accuracy using boundary the non-
orthogonal correction became a rule for problems in solid mechanics.

Apart from the boundary conditions, initial conditions must also be specified for
the whole computational domain. The initial conditions are used only at the first
time/load increment and they specify the distribution of φ and ∂φ/∂t.

In the remainder of this subsection, the implementation of three main types of
boundary conditions is outlined.

nb

dbdn
kb P

b Γb

Figure 3.2. Control volume at boundary

Dirichlet/Displacement Boundary Condition

The displacement boundary condition (Dirichlet boundary condition) specifies
a constant or time-varying discrete distribution of the dependent variable. For the
boundary faces, the implicit surface diffusion term has the following form:

∫
Γb

(2µb + λb)nb • (∇φ)b dΓb ≈ (2µb + λb)
[
φb − φP
||dn||

+ kb • (∇φ)∗b
]
||Γf ||, (3.19)

where φb denotes a specified value at the boundary face centre.
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Neumann/Traction Boundary Condition

The traction boundary condition (Neumann boundary condition) prescribes the
constant or time-varying discrete distribution of the boundary gradient gb:

gb = nb • (∇φ)b, (3.20)

which is directly included in the discretised diffusion term:
∫

Γb

(2µb + λb)nb • (∇φ)b dΓb ≈ (2µb + λb)gb||Γf ||, (3.21)

The calculation of the normal gradient is conducted using the following decomposi-
tion:

gb = ∆gb + g∗b = ∆gb + nb(∇φ)∗b , (3.22)

where boundary normal nb is in the initial or updated configuration depending on
the mathematical formulation used. Gradient increment ∆gb is calculated by using
the difference between prescribed/targeted boundary traction tb and the currently
calculated boundary traction:

∆gb = 1
(2µb + λb)

(tb − n∗b • σ∗b), (3.23)

where current boundary normal n∗b is calculated by using the deformation gradient
from the previous outer iteration. Note that Eq. (3.21) is also used to describe a
traction-free boundary simply by setting gb to zero vector.

The value of the dependent variable at boundary is necessary to updated kine-
matics and stress quantities at the end of each outer iteration. The calculation is
done by discretising the boundary gradient in Eq. (3.20) using a central differencing
scheme with the addition of non-orthogonal correction:

φb = φP + ||dn||gb + kb • (∇φ)P . (3.24)

The added non-orthogonal correction uses gradient at the cell centre, therefore as-
suming the constant distribution of the tangential gradient. An alternative option
for the boundary gradient usage in the non-orthogonal correction is to extrapolate
it from the interior using the least-square method.
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Symmetry Plane

The usage of the symmetry boundary condition (Robin boundary condition) di-
rectly implies the symmetry of geometry, material and load. In solid mechanics it
is not unusual to satisfy all of these conditions, therefore the symmetry boundary
condition is often used to reduce the problem size. Mathematically, the symme-
try boundary is described by specifying zero value of the normal component of
the dependent variable and by zero value of the normal gradient of the tangential
component:

(φn)b = (nb • φb)nb = 0, nb • ∇(φt)b = 0. (3.25)

Following the same algebraic manipulation as for Eq. (3.24), the value of the de-
pendent variable at the symmetry boundary is:

φb = (I− nbnb) • (φP + kb • (∇φ)P ). (3.26)

3.2.4. Resulting System of Equations

For each control volume P , the momentum balance in the final discretised form
is written in the form of a linear algebraic equation:

aPφP +
∑
Nf

aNf
φNf

= rP , (3.27)

where aP is the central (diagonal) coefficient, aN is the neighbouring cell coefficient
and rP is the source term. In the case of the existence of contact or multi-material
interface with implicit treatment, a distinction is made and the algebraic equation
for control volume P includes the contribution from the neighbouring CV shared at
the interface:

aPφP +
∑
Nf

aNf
φNf

+
∑
Nfi

aNfi φNfi = rP , (3.28)

where aNi is the interface neighbouring cell coefficient which can be direction de-
pendent. In accordance with the discretisation procedure presented in Section 3.2.2
the coefficients of the linear algebraic equation for the incremental UL formulation
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of the momentum balance, used in this thesis, are listed below:

aP = ρuΩu

∆t2 +
∑
F

(2µf + λf )
||∆uf ||
||duf ||

|Γuf |,

aN = −(2µf + λf )
||∆uf ||
||duf ||

||Γuf ||,

rp =
∑
F

(2µf + λf )[kuf • (∇(∆u))∗f ]||Γuf ||+
∑
F

nu • (jσ∗ • f−T)f ||Γuf ||

− (1 + αRC)
∑
F

(2µf + λf )
[
||∆uf ||

(∆u)∗N − (∆u)∗P
||duf ||

+ kuf • (∇(∆u))∗f
]
||Γuf ||

− αRC
∑
F

(2µf + λf ) nu • (∇(∆u))∗f ||Γf ||+
ρuPΩuP

∆t2 (∆u)(m−1)
P + ρuPbΩPΩuP

+ (ρuPΩuP )(m−1)

∆t2
(
(∆u)(m−1)

P − (∆u)(m−2)
P

)
− 1

∆t

(ρPΩP
∂uu
∂t

)(m−2)

−
(
ρPΩP

∂uu
∂t

)(m−3)
 .

(3.29)

Note that the coefficients arising from the inertia term discretisation, derived under
the assumption of constant time-step ∆t, are neglected in the quasi-static analysis.
Interface neighbouring coefficients aNi for the multi-material interface can be found
in [24, 50], whereas for the implicit contact interface they are discussed separately
in Chapter 4. Assembling Eqs. (3.27) or (3.28) for all CVs results in the system of
equations:

[A][φ] = [r], (3.30)

where [A] is a square matrix with aP coefficients on the diagonal and aN coefficients
on the off-diagonal positions. The size of matrix [A] is equal to the number of CVs.
Vector [φ] represents the value of the unknown solution variable (u or ∆u) at the
cell centres while the right-hand side vector [r] consists of the source terms.

The number of off-diagonal coefficients in each row depends on the corresponding
CV shape. In other words, it depends on the number of CV internal polygonal faces
which are shared by the neighbouring CV. For example, the number of off-diagonal
coefficients in the case of tetrahedra is 4, in the case of triangular prisms it is 5, in
the case of hexahedra it is 6, etc. Correspondingly, matrix [A] is a sparse matrix
with most of the coefficients equal to zero.

In the case of neglecting inertial effects, matrix [A] is diagonally equal (symmetric
and diagonally dominant) as it is constructed by the orthogonal component of the
discretised surface Laplacian term. The temporal term contributes to the matrix
diagonal coefficients beneficially, increasing its diagonal dominance.
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3. Finite Volume Structural Solvers

The above-listed properties of matrix [A] allow for efficient usage of the iterative
linear system solver. The most common choice in FV solid mechanics literature is
the incomplete Cholesky pre-conditioned conjugate gradient (ICCG) method [98,99]
which is also used in this thesis. Since the solution vector, b, is approximation
updated within the outer iterations, there is no need to solve the system to a tight
tolerance [18, 45, 100]. Typically, it is sufficient to reduce the residuals by an order
of magnitude. In that way, the number of solver iterations (inner iterations) is held
to a relatively small number, thus boosting the overall efficiency.

3.3. Solution Procedure

The overall solution procedure/algorithm can be summarised as follows:
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I) Initialise fields using the initial conditions or results from the previous incre-
ment.

i) Update the boundary conditions.

ii) Discretise the momentum equation and assemble the system of Eqs.
(3.30).

iii) Solve the assembled system of equations in a segregated manner using
an iterative solver.

iv) Update the kinematics and stress.

v) If the convergence criteria are satisfied proceed to (II), otherwise make
a new outer iteration by returning to step (i).

II) Depending on the mathematical formulation used, move the mesh to the de-
formed configuration.

III) If the final time/load increment is not reached, proceed to the next increment
by returning to step I).

Overall, for the case of the segregated solution technique, two key loops can be
distinguished. The main loop resolves the given time/load increment using a finite
number of outer iterations, i.e corrections. The number of corrections ncorr needed
to resolve the inter-equation coupling terms and any other lagged terms contained by
vector b is case dependent and can vary between time/load increments. The iterative
nature of the solution procedure allows for a simple incorporation and resolution of
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any non-linearity; however, in some scenarios, this results in impaired stability.
Consequently, to ensure convergence, it is necessary to perform explicit and/or
implicit under-relaxation. Values typically used for the explicit under-relaxation
factor are in the range 0.95-1, and for the implicit under-relaxation factor the values
are 0.99-1. A significant acceleration of the outer iteration loop can be obtained by
employing a geometric multigrid technique [21,29,45]; however, this technique comes
with a somehow impractical task of generating a hierarchy of coarser grids.

In the case of contact modelling, the overall solution procedure remains the same
and contact treatment is incorporated within the first two steps of the outer iteration
loop. Within the first step, newly calculated values of the displacement field are
used to update the position of the contact boundary. Subsequently, the contact
algorithm is invoked to calculate contact traction. In the second step, assembly of
the system of equations is performed in accordance with the contact coupling type.
In the case of explicit contact coupling only the solution vector is updated; whereas,
in the case of the implicit contact coupling, the left-hand side matrix of coefficients
is updated as well as the solution vector. Further details on the contact treatment
are discussed separately in Chapter 4.

3.3.1. Mesh Movement

In the case of the UL formulation, the computational mesh is moved to a new
position at the end of each time/load increment. This task is trivial for formulations
in which mesh vertices coincide with computational points; however, this is not the
case for the cell-centred formulation. Generally, we can distinguish two approaches
in resolving mesh movement. The first approach, proposed in [100–102], updates
mesh geometry using the calculated kinematic quantities, while the second approach
defines the interpolation procedure to obtain the displacement of mesh vertices
[2, 23,91,97]. In this thesis, the discrete displacement field defined at cell centres is
interpolated to mesh vertices using the interpolation method described below.

The linear distribution of variable φ around reference position rref with reference
value φref is:

φ(r) = φref + c • ∆r = φref + c • (r− rref ), (3.31)

where c is the unknown coefficient vector. For mesh vertex p surrounded by its
neighbouring cell-centres pN , the reference position and the reference value are
obtained by the arithmetic average of the neighbouring values. The calculation of
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3. Finite Volume Structural Solvers

the unknown coefficient vector is done using the ordinary (unweighted) least-squares
method [16,50,97]:

c = [(XTX)−1XT] •ϕ, (3.32)

where each row of matrix X and vector ϕ are referred to one of the neighbouring
cell-centres pN . The rows in vector ϕ are defined as difference φpN−φref , while the
rows in matrix X are constructed by the components of difference vector rpN − rref .
The size of matrix X is pN × 3; therefore the inverse of normal matrix (XTX)−1 is
cheap since it is done on the symmetric 3 × 3 matrix. For the boundary vertices,
to ensure the invertibility of the normal matrix, the values at the boundary face
centres are also included in the interpolation molecule, as shown in Fig. 3.3. If
necessary, Eq. (3.32) can be extended to the weighted form by considering different
weighting factors for each pN , as shown in [46,91].

pN

pN

ppN

Figure 3.3. The cell to point interpolation: interior and boundary computational
molecule for least square interpolation

An alternative approach to the least-square method is interpolation using the
inverse distance method [50]:

φp =

∑
pN

ωpNφpN∑
pN

ωpN
, (3.33)

where weighting factors ωpN are defined as:

ωpN = 1
||rp − rpN ||

. (3.34)

Eq. (3.33) in enhanced form is obtained by including additional terms from the
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Taylor series expansion [103]:

φp =

∑
pN

ωpN

[
φpN + (rp − rN) • φpN + 1

2(rp − rN)2 •
• φpN

]
∑
pN

ωpN
. (3.35)

The inverse distance method allows for efficient interpolation, but it is the less ac-
curate method for the non-orthogonal meshes compared to the least square method,
as shown in [50,97]. The interpolation based on the least-square method maintains
the second-order accuracy irrespective of the mesh quality, which is an important
feature since in the large deformation cases the mesh quality can degrade during
deformation, i.e. an initially perfectly orthogonal mesh can become a highly non-
orthogonal mesh.

3.3.2. Alternative Solution and Discretisation Procedures

Block-Coupled Methodology

The main disadvantage of the segregated solution procedure is reduced efficiency
while resolving the strong inter-component coupling. To demonstrate the impact of
coupling intensity on convergence rate, a simple example of a 2D beam fixed at one
end and loaded at the other can be considered, see Fig. 3.4. In the case of axial load,
stresses exist only in one direction (except in the vicinity of the fixed end), whereas
in the case of tangential load and beam bending, the beam exhibits stresses in
both directions. Accordingly, these scenarios are used to represent weak and strong
inter-component coupling, respectively. Figure 3.4 shows the convergence history
for these scenarios. One can see that in the case of strong inter-component coupling
the convergence is drastically affected and significantly more outer iterations are
needed to obtain an acceptable level of convergence.

To overcome this drawback, the inter-equation coupling can be implicitly treated
using the block-coupled solution methodology [42, 43]. Such solution methodology
allows for the implicit treatment of all inter-component terms. In particular, this
means that the above example can be solved in one iteration, without performing
an outer iteration loop. In contrast to the segregated procedure, assembled matrix
[A] is loosely diagonally dominant and calculation is done either by direct solvers or
appropriate iterative solvers. Further, the matrix coefficients are represented with
second order tensors instead of scalars; therefore the solving of the matrix requires
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3. Finite Volume Structural Solvers

more storage memory. Nevertheless, less memory is required if compared to the low
order FE method [42]. Lastly, the results show exceptional efficiency and further
efforts are made to extend the methodology to non-linear constitutive relations [44].
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Figure 3.4. Convergence history for beam loaded axially and tangential at the right
end

Pressure-Displacement Formulation

Formulating the governing momentum balance with the displacement variable as
the only dependent variable has limitations in modelling incompressible materials.
Specifically, the formulation exhibits efficiency degradation and volumetric locking
while approaching Poisson’s ratio of 0.5. To overcome this, a pressure-displacement
(mixed) formulation is successfully used [19,20,104,105]. By formulating the consti-
tutive relation via two unknowns (displacement and pressure), a kinematic condition
of incompressibility must be introduced to be able to solve the system:

∫
Ω

∇ • u dΩ =
∫

Γ
n • u dΓ = 0. (3.36)

Since the kinematic condition and the momentum balance are similar to the pressure
velocity coupling in fluid dynamics in form, the SIMPLE-type algorithm is utilised
to solve the system. It should be noted that the pressure-displacement formulation
can also be applied to modelling linear-elastic compressible materials [20], without
impairing the efficiency. Also, it can be extended to consider non-linear constitutive
relations [19,106]. The block-coupled methodology can also be used for the pressure-
displacement formulation in order to improve efficiency [107].
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Gradient Calculation

In the FV solid mechanics literature the least-square method is the most com-
monly employed approach in the cell centre gradient calculation [4]. Since the dis-
cretisation procedure does not mandate the calculation method, the cell centre gradi-
ent can instead be calculated using any other second-order approach [42,91,108,109].
For example, the gradient can be calculated using the Gauss integral theorem:

(∇φ)P = 1
ΩP

∑
f

Γfφf , (3.37)

where φf is the face centre value calculated by linear interpolation between neigh-
bouring cell-centre values:

φf ≈ γxφP + (1− γx)φN . (3.38)

Another option, also based on the Gauss integral theorem, is the point based ver-
sion [91], in which each face is decomposed into k triangles and the summation is
performed using triangles centres values φk:

(∇φ)P = 1
ΩP

∑
f

∑
k

Γkφk, (3.39)

where φk is reconstructed from the values at mesh points calculated by the least
square method. Further, instead of linear interpolation, the gradient at the face
centre can be calculated by the following decomposition:

(∇φ)f = ∇tφf + nf (nf • (∇φ)f ), (3.40)

where the normal surface gradient is calculated using the central differencing and
non-orthogonal correction. Tangential surface gradient ∇tφf is calculated using
the Green-Gauss theorem for flat polygonal faces, further details can be found in
[91,110].

Thin Structures

Although the discretisation procedure can handle arbitrarily shaped bodies, bod-
ies with a high aspect ratio between length and thickness (thin structures — plates,
beams and shells) are inconvenient to discretise with a reasonable number of CVs,
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especially if a high degree of accuracy is requested. Accordingly, to avoid high
expenses caused by continuum formulation, many authors have successfully used
reduced formulations with the implicit cell-centred FV method [111–115]. A com-
prehensive list of publications regarding this area is available in [4].

3.4. Summary

This chapter covers the implicit cell-centred unstructured FV framework. The
framework description is given in a general manner to cover the class of FV struc-
tural solvers capable of solving nonlinear solid mechanics problems. The equation
discretisation is given for the general form of the momentum balance, followed by the
description of three main types of boundary conditions in the solid mechanics. The
characteristics of the system of equations are discussed, and the resulting system
coefficients for the solver used in this thesis are given separately. Next, an over-
all summary of the solution procedure is given with special attention given to mesh
movement approaches. In the end, alternative discretisation and solution procedures
are discussed. These procedures are developed to overcome specific drawbacks, thus
this section simultaneously shows the main weaknesses of the method.
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4. Contact treatment

4.1. Introduction

This chapter is devoted to the algorithms for the numerical treatment of contact
boundaries within the finite volume framework presented in the previous chapter.
The content of the chapter is divided into six distinct sections. In the first section,
the main aspects of the contact boundary treatment are outlined by presenting the
explicit Neumann-Neumann coupling procedure and penalty regularisation of the
contact conditions. In general, contact algorithms can be divided into two distinct
phases (contact detection and contact resolution), each of which has its algorithm
(contact detection algorithm and contact-force computation algorithm). Accord-
ingly, the second section is devoted to the contact detection phase intended for the
considered numerical framework. A contact detection algorithm based on the object-
oriented bounding box and the advancing front technique is suggested. The third
section presents the pointwise contact algorithm [1, 2], in which the penalty based
Neumann-Neumann coupling is initially proposed. Its main features are outlined in
order to properly address the differences in relation to the newly proposed segment-
to-segment algorithm, introduced in the fourth section. In the fourth section, these
algorithms are compared using a few carefully selected simple numerical examples.
To improve overall efficiency, the implicit version of the Neumann-Neumann cou-
pling is considered in the penultimate section. Using the newly proposed contact
algorithm, the equation for implicit boundary gradient is firstly derived on sim-
ple 1D contact problems to be subsequently extended to 3D problems. In the last
section, the surface smoothing technique using the Nagata interpolation is incorpo-
rated within the pointwise contact algorithm and the impact of surface smoothing
is investigated using a few numerical examples.

4.1.1. Discretised Contact Boundary

After discretisation of the solution domain, the continuous deformable body is
replaced by a finite number of arbitrarily shaped control volumes that fill the do-
main space interior, without overlapping. The control volumes are bounded by flat
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polygonal faces, which results in a piecewise linear approximation of the continuous
boundary. Contact interaction occurs at the boundary, meaning that accurate ap-
proximation of the boundary plays an important role in imposing contact boundary
conditions.

In the contact treatment, two potential problems caused by the piecewise linear
approximation can be distinguished:

• The discretised boundary has a discontinuous surface normal field (it is non-
differentiable at mesh points and along edges between adjacent boundary
faces) which can lead to various numerical and mathematical difficulties.

• For the highly curved boundary, the piecewise linear discretisation can result
in large errors in the geometry description. Such an error consequently affects
the achievable level of accuracy.

In this thesis, the standard notation from the computational contact mechanics
is adopted and contact boundaries (surfaces) Γ(1)

c and Γ(2)
c are denoted as slave

(concator) and master (target), as shown in Fig. 4.1. The same notation is used for
all figures: computational points located at the cell centre are denoted with •, the
mesh points with ◦ and the boundary face centre with �.

Computational point
Mesh point
Boundary face centre

P

nb
Γ(2)
c

master

slave

b

Γ(1)
c

Figure 4.1. Piecewise linear discretisation of contact boundaries and adopted nota-
tion

Contact interface

The contact interface can be considered as a particular class of interface because
of its underlying physics. The same as for other types of interfaces, the complexity
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of the numerical treatment is interrelated to the interface discretisation type. Ac-
cordingly, it is possible to distinguish two types of interface discretisation: conformal
and non-conformal.

In the conformal interface discretisation (shown in Fig. 4.2) the surface meshes
of the contacting bodies coincide. This significantly simplifies the implementation
of the contact algorithm; however, it is clear that such a type of discretisation is
not suitable for contact problems with finite deformations and large relative sliding.
Although it can be used in cases of small deformations and infinitely small relative
sliding, ensuring the conformal discretisation during the mesh generation can be a
tough and impractical task.

nbs

Ps

master

nbm
bs

bm

slave

µbm, λbm
µbs, λbs

Pm

Figure 4.2. Conformal discretisation at contact interface

In the case of the non-conformal interface discretisation, different surface mesh
topology is allowed on the interface, as shown in Fig. 4.3. The generality and
applicability of the contact algorithm lie in the ability to handle the non-conformal
discretisation. Accordingly, the numerical implementation capable of handling the
non-conformal interface is the major priority.

master

nbmµbm, λbm
Pm

bs

slaveµbs, λbs
Ps

nbs

bm

Figure 4.3. Non-conformal discretisation at contact interface

4.1.2. Penalty Method

The unknown components of the contact traction can be treated with a regular-
isation scheme to obtain their dependence on the corresponding displacement-based
contact kinematic measures. An alternative approach would be to treat the contact
traction components as independent variables, in addition to the displacement field.
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The penalty method is a widely used regularisation method in the computational
contact mechanics literature as it is a robust and simple method with vivid physi-
cal interpretation [5, 63, 64]. The underlying principle of the penalty method is the
penalization of the violation of the contact constraints, with the penalization mag-
nitude proportional to the violation measure. Its mechanical interpretation can be
seen as a distributed series of springs on the contact interface, which are activated
if the non-penetration condition is violated, schematically presented in Fig. 4.4.

master

slave

c)a) b)

Figure 4.4. Graphical interpretation of penalty method using spring analogy: a)
initial configuration, b) violation of non-penetrability and c) equilibrium state [5,6]

Normal conditions

By applying the penalty method in a linear form, the normal contact pressure
is linearly dependent on the normal gap:

pn(gn) = εn〈−gn〉 =


εngn gn 6 0, contact

0 gn > 0, no contact
, (4.1)

where εn is the penalty parameter (also called penalty factor or penalty stiffness).
The relationship between normal gap and pressure is described with discontinuous
functions, therefore the Macaulay brackets are used for the compact notation:

〈φ〉 = |φ|+ φ

2 =


φ if φ > 0

0 if φ < 0
. (4.2)

The graphical representation of Eq. (4.1), i.e. penalty regularised normal contact
conditions, are shown in Fig. 4.5. As shown, the violation of the non-penetrability
condition depends on the penalty parameter and an exact fulfilment is achievable
only for εn → ∞. Accordingly, the value of the penalty parameter is proportional
to achievable accuracy. However, the numerical implementation does not allow for
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large values of penalty parameters, as they lead to stability problems [63,64].

gn

pn

contact

εn

Figure 4.5. Graphical representation of regularised normal contact conditions using
penalty method

Tangential conditions

By applying the penalty method to classical Coulomb’s law one obtains:

tt =


εt∆gt εt||∆gt|| < µ|pn|, stick

µ|pn|
∆gt
||∆gt||

εt||∆gt|| > µ|pn|, slip
, (4.3)

where εt is the tangential penalty parameter which does not need to be equal to
the normal penalty parameter [64]. With the regularisation of the Coulomb’s law,
the stick contact regime is violated and the relative tangential motion, called elastic
slip, is allowed for values inside the Coulomb’s cone. The violation of the stick
regime is necessary to obtain the needed dependency between tangential traction
and relative sliding. In the regularised Coulomb’s law, the tangential traction for
the stick regime is linearly dependent on the relative tangential motion, as shown
in Fig. 4.6. To better mimic the real frictional response any other function type
can be applied (arctangent functions, hyperbolic tangents) [63]. The same as for
the normal direction, the exact representation of the unregularised Coulomb’s law
can be obtained for εt → ∞. Nonetheless, the regularised Coulomb’s law is more
physical as elastic slip can be used to model elastic deformation of asperities [63].
On the other hand, for the contact problems with dominant sliding at the contact
interface, chasing higher values of the normal penalty parameter is a priority as the
sliding traction is a function of the normal pressure.
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ġt

tt

µpn
slip

slip
stick

εt

−µpn

Figure 4.6. Graphical representation of regularised Coulomb’s friction law using
penalty method

Penalty parameter

In the penalty method, the degree of violation of contact conditions i.e. the
resulting level of accuracy is controlled by the penalty parameter value. This repre-
sents the main disadvantage of the penalty method which requires special attention
since the resulting penetration can be of the same order of magnitude as displace-
ment.

The penalty parameter is the user-defined value, and setting its value to achieve
an acceptable degree of accuracy while ensuring stability can be a cumbersome task,
especially for an inexperienced user. To alleviate this issue, for the initial guess of
the penalty parameters, it is possible to use the following equations [2, 116]:

εn = f scalen K Γ2
c

Ωc

, (4.4a)

εt = f scalet G Γ2
c

Ωc

, (4.4b)

where f scalen and f scalet are the scale factors for the normal and the tangential penalty
parameter, respectively. Γc is the average area of the contact boundary faces and Ωc

is the average volume of the contacting cells. The scale factors are typically set to 1
and they are subsequently corrected upon resulting penetration or elastic slip at the
contact interface. By defining correction criteria, the scale factors can be corrected
after each time-step, hence avoiding large penetrations in the cases where contact
pressure evolves drastically with time.
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4.1.3. Explicit Neumann-Neumann Coupling Procedure

In the explicit Neumann-Neumann coupling procedure the contact interaction
is resolved in a deferred correction manner, which allows an efficient and simple
treatment of nonlinearities within the iterative solution procedure. Contact traction,
prescribed on both contact boundaries, is explicitly calculated using the penalty
method. To ensure convergence of the penalty based coupling, the prescribed contact
traction is under-relaxed. The overall coupling procedure can be divided into the
following steps:

i) Use the newly calculated value of displacement increment to update the con-
tact boundary position.

ii) Perform contact detection to assemble contact pairs (contact detection algo-
rithm).

iii) Upon resulting penetration and relative sliding between the deformable bodies
(gn and ∆gt), calculate the corresponding components of the contact traction
(contact-force calculation algorithm).

iv) Prescribe contact traction using the accumulated values (from the previous
iteration) and the newly calculated values (from step iii)).

For the calculation of the contact traction, it is possible to distinguish two ap-
proaches which will here be denoted as asymmetric and symmetric. In the asym-
metric approach, contact traction and contact quantities are calculated directly on
one of the boundaries; therefore, it is necessary to perform interpolation to transmit
contact traction onto the adjacent boundary. In the symmetric approach, con-
tact traction is simultaneously calculated for both sides. The pointwise contact
algorithm [1], described in Section 4.3, relies on an asymmetric approach and the
area-weighted GGI interpolation is used to transmit contact traction from slave to
master boundary. The proposed segment-to-segment contact algorithm, described
in Section 4.4, can be characterised as mixed type since normal contact traction is
simultaneously calculated while tangential contact traction is calculated separately
on both surfaces.

Enforcement of the contact constraints

The penalty method allows robust and efficient contact treatment. However,
these characteristics can be attributed to the approximate enforcement of the contact
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constraints. In other words, the user-controlled violation of the contact constraints
introduces error in the solution, hence causing the main drawback of the method.

The final approximate enforcement of the contact conditions is achieved grad-
ually during the iterative procedure by performing augmentation of the contact
traction until convergence is met. The augmentation is performed using the under-
relaxation method, although it can be performed by any other similar method.

Contact boundary update

The calculation of the kinematic contact quantities requires the update of the
contact boundary position within each outer iteration. The update is performed
using a recently calculated displacement field, available at the cell centres and the
boundary face centres. Accordingly, it can be performed using different interpolation
molecules, as shown in Fig. 4.7.

a) b)

P

b

nb

P

b

nb

Figure 4.7. Different interpolation molecules: a) surface interpolation molecule, b)
mixed molecule

The usage of the surface interpolation molecule in combination with the inverse
distance method provides a very efficient interpolation method. However, numerical
tests show that the usage of a larger (mixed) interpolation molecule in conjunction
with the least-square method is a more suitable approach, as it can improve the
convergence rate due to higher accuracy. Also, the normal matrix in Eq. (3.32) is
computed only for the first iteration, thus ensuring interpolation efficiency.

Force-loading scenario

During the iterative procedure, the prescribed contact traction does not match
the sum of other forces acting on the body resulting in global force imbalance. If the
body does not have a prescribed displacement at some location, the global imbalance
can lead to spurious displacements, especially if inertia is omitted. Such a problem
exists in the force-loading scenario, in which the deformation of the contact body is
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governed only by the prescribed boundary tractions. To solve such scenarios using
the explicit contact coupling, the system of equations must be heavily under-relaxed,
resulting in a very slow convergence rate.

A possible remedy is to prescribe boundary displacement instead of force and
to correct it until the targeted force is achieved. The correction can be performed
within the time step by using the relative residual as a measure for global force
balance. The correction of the displacement is calculated using the secant method
(the quasi-Newton method). The described procedure, summarised in Algorithm 1,
was used to solve force loading examples presented in Chapter 5 (examples 5.2.2 and
5.2.4). Results show that the targeted force can be achieved in several iterations for
a valid guess of initial displacement.

Algorithm 1. Update of the displacement boundary by using secant method.
1: if integrated force is not within tolerance of targeted force Ft then
2: if relative residual is below prescribed tolerance then
3: Integrate stress at boundary and calculate force F (i)

4: Calculate force difference ∆F (i) = Ft − F (i)

5: Calculate derivative approximation S = (F (i−1) − F (i))/(u(i) − u(i−1))
6: Calculate and prescribe new displacement u(i+1) = u(i) + ∆F (i)/S
7: end if
8: end if

Generalised grid interface interpolation

The generalised grid interface (GGI) was developed to overcome many mod-
elling challenges that primarily arise in turbomachinery simulations [3]. It allows
an implicit treatment of coupled internal boundaries, sharing the conformal or non-
conformal interface. The implicit treatment, performed on a discretisation level,
maintains second-order accuracy and mass conservation across the interface. From
the basic requirement of coupling static meshes, the GGI is subsequently extended
to handle non-conformal cyclic patches, sliding interface and mixing plane inter-
face [117, 118]. The GGI is also used for other specific types of interfaces (contact
or fluid-solid interface [91]) to explicitly transmit traction between surfaces.

In its basis, the GGI is an area weighted interpolation with geometrically defined
interpolation molecules. For each surface face j, on the master side, the value at
face-centre φm,j is calculated using corresponding face-centre values of the slave
surface faces:

φm,j =
∑
k

ωj,kφs,k, (4.5)
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and similarly for slave face k:

φs,k =
∑
j

ωk,jφm,j, (4.6)

where ωj,k and ωk,j are the weighting factors defined as:

ωj,k = Γm,j ∩ Γs,k
Γm,j

, ωk,j = Γs,k ∩ Γm,j
Γm,j

. (4.7)

Weighting factors in Eq. (4.7) are representing the ratio between the intersection
area and the overall face area, see Fig 4.8. It should be noted that taking the inverse
of the weights calculated on the master side will not result in weights for the slave
side:

ωj,k 6=
1
ωk,j

(4.8)

The conservativeness of the interpolation is automatically assured since the sum of
all weighting factors results in:

∑
j

ωk,j = 1,
∑
k

ωj,k = 1. (4.9)

Eq. (4.9) is violated in the case of non-planar interface surfaces or in the case of
hanging faces with partial covering. A possible remedy in such cases is to perform
a correction of the interpolation factors by scaling their values proportionally.

Γs,4

Γs,3

Γs,2
φs,1

φs,4

φs,3

φs,2

Γm,j ∩ Γs,3

Γm,j ∩ Γs,2
Γm,j ∩ Γs,4

Γm,j ∩ Γs,1
Γs,1

φs,4

Γs,1

Γs,4

Γs,3
φs,3

φs,2

φs,1

Γs,2

Figure 4.8. Segmentation of master face using corresponding slave faces. The right
side of the figure schematically represents Eq. (4.5) — the intersection area (darker
shaded) can be interpreted as the integration area
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Further details involving the numerical implementation of the GGI interpolation
are given within the description of the segment-to-segment contact algorithm in
Section 4.4.

4.2. Contact detection

The first phase of the contact algorithm is contact detection, whose aim is to
construct contact pairs between two discretised surfaces. Generally, it is possible to
distinguish two different approaches in contact detection [5]:

• Implicit approach: based on the current values it is necessary to estimate
potential contact pairs where penetration is expected.

• Explicit approach: contact pairs are assembled upon achieved penetration.

Further, the detection algorithm can be decomposed into two phases [63]:

• Global detection: based on geometrical consideration, detect potential (prox-
imate) contact pairs between slave and master surface meshes.

• Local detection: using potential contact pairs, find pairs with intersection and
remove falsely reported pairs.

Although the finite volume framework relies on the implicit equation discretisation,
the explicit nature of the contact coupling requires contact detection of the explicit
type. In this thesis, the implicit contact coupling is also considered; however, its
derivation is also based on explicit contact detection. For large deformation con-
tact problems considered in this thesis the contact interface continuously evolves
during the iterative procedure, meaning that contact detection is performed for
each iteration. The number of outer iterations can reach up to a few thousand,
hence the efficiency of contact detection is of great importance. Therefore, contact
detection can present a bottleneck for an efficient implementation of the contact
algorithm. The exceptions are contact problems with a negligible relative motion
between surfaces, for which efficiency of contact detection is of less priority as the
contact detection can be performed only once.

Contact detection, or the so-called collision detection in computer science [119–
121], is of paramount importance in many areas, such as computer graphics visu-
alisation, virtual reality, molecular modelling, robotics and many others. Due to
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the versatility of its application, it is under intensive research and the correspond-
ing literature is highly abundant. In the field of computational contact mechanics,
contact detection algorithms are successfully adopted from computer science. The
right choice of the contact detection algorithm depends on the numerical framework
and contact treatment methodology [88]. In case the contact pair is a combination
of node and surface segment (NTS discretisation), a typical choice among authors is
the bucket sorting algorithm [122] or its improved version called position code algo-
rithm [123]. For the STS discretisation, the definition of the contact pair is different,
and contact algorithms are based on bounding volumes hierarchies (bounding vol-
ume tree) [124, 125]. The most common choices for bounding volumes are discrete
orientation polytopes [72] and oriented bounding boxes [126].

In the remaining part of this section, further insight regarding contact detec-
tion is given and a contact detection algorithm is presented. The presented contact
detection algorithm is intended for the proposed segment-to-segment contact-force
calculation method. The contact detection for self-contact problems is not consid-
ered.

4.2.1. Global Contact Detection

The task of finding proximate contact pairs between two discretised surfaces is
based on the encapsulation of the surface elements (faces) in the bounding volumes
with a simple geometric shape, allowing a fast and inexpensive overlap test. The
higher geometric complexity of the bounding volume results in a tighter geometry
encapsulation and consequently a more accurate overlap detection, but also in a
higher computational cost of the overlap test. Depending on the application, the
choice of the bounding volume is a trade-off between accuracy and efficiency.

The geometric shape of the bounding volume can be defined in several ways.
Figure 4.9 shows some of the most commonly used bounding volumes: bounding
spheres (BSs), axis-aligned bounding boxes (AABBs) and oriented bounding boxes
(OBBs). The BS is the simplest and most efficient in terms of overlap tests; however,
it results in many false contact pairs, especially when bounding the faces with an
aspect ratio higher than the unity. The AABB and OBB rely on the same type of
bounding volume (cuboid) with differences in the choice of the coordinate system.
The surfaces of the AABB are parallel to the global coordinate system, while the
OBB uses the local coordinate system for its orientation. The usage of the local
coordinate system results in a higher computational cost of construction and overlap
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test. On the other hand, it results in better detection accuracy due to higher
tightness, as shown in Fig. 4.9.

b)a) c) Ω(1)Ω(1) Ω(1)

Ω(2) Ω(2) Ω(2)

Figure 4.9. Bounding volume types in 2D [7]: a) BSs, b) AABBs, c) OBBs

This thesis employs OBBs for the definition of bounding volumes. The usage of
the OBBs results in a more accurate global detection with a lower number of contact
pairs than the detection with BS or AABB [72, 119]. Although it results in a more
computationally expensive approach, it also minimizes the number of false contact
pairs, therefore the efficiency of the local detection can be significantly improved.

Construction of oriented bounding boxes

The definition of an OBB is achieved via a set of three parameters: centre
point vector rc, orientation matrix Ra and extend vector a. By default, these
parameters are calculated by assembling the covariance matrix, whose eigenvectors
define the orientation matrix [127]. When applied to point clouds, such an approach
results in a near-optimal solution, however for symmetrically distributed points or
coplanar points the resulting covariance matrix cannot give a unique orientation
of OBB [119]. Since such a problem exists in the current application, a different
construction technique is proposed.

With known boundary face normal nb the orientation of the OBB is reduced to
a 2D problem of finding the minimum-area encasing the rectangle, see Fig. 4.10 a).
Such a problem is solvable in linear time using the rotating calipers method [128].
For the height of the OBB, the boundary normal is used for extrusion in both
directions:

e+ = 0.25h̄, e− = h̄, (4.10)

where e+ and e− are the extrusion distances in positive and negative normal direc-
tions, respectively. h̄ denotes the average height of cells at the contact boundary,
and here it is used as maximum detectable penetration. To avoid any potential
robustness issues, the resulting rectangle is inflated by 5% and also extruded in the
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positive direction, as shown in Fig. 4.10.

nb
a

nb

a) b) c)

O

rc
e−

e+

Figure 4.10. OBB construction steps [7]: a) inflated face minimum-area encasing
rectangle, b) extrusion in positive normal direction, c) extrusion in negative normal
direction

4.2.2. Contact Detection Algorithm

The straightforward implementation of contact detection is all-to-all detection,
referred to as naive brute force detection. For ns faces on the slave surface and
nm on the master, such an approach results in O(nmns) overlap tests, which is an
unacceptable computational cost.

Irrespective of the algorithm implementation, the cost of contact detection can be
minimized by reducing the portion of the contact boundary subjected to detection.
This can be easily achieved during the run-time by prescribing a contact zone inside
which the detection is performed. The size and location of the contact zone are
determined as the intersection of master and slave surface bounding volumes, as
shown in Fig. 4.11.

slave bounding box Bs

contact zone Bm ∩Bs

master bounding box Bm

Figure 4.11. Determination of contact zone using AABBs [5]

To perform contact detection efficiently, the detection algorithm proposed in this
thesis exploits the available mesh topology information. It relies on the available
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face-to-face addressing, which allows the usage of the advancing front technique.
Figure 4.12 illustrates the working principle of such an approach — the current
master bounding volume (for which pairs are searched) is coloured in red, while the
neighbouring slave bounding volumes are coloured in black. For better clarity, the
bounding volumes of the slave surfaces do not overlap, which is not true for a real
implementation.

b) c) d)a)

Figure 4.12. Steps of contact detection using advancing front technique, illustrated
in 2D. Overlapping bounding volumes are coloured in grey, whereas their neighbour-
ing volumes are light grey

To start the detection using the advancing front technique, one overlapping
bounding volume (seed) must be supplied, Fig. 4.12 a). Using face-to-face address-
ing, the neighbourhood of the supplied seed is reported and checked for overlap,
Fig. 4.12 b). Only the neighbours of the overlapping bounding volumes are further
reported and checked — care must be taken to avoid duplicate tests of the processed
volumes. The algorithm proceeds until there is no available neighbour to check.

If supplied seed is available, the computational cost of the described algorithm is
O(k), where k is the overall number of the reported neighbours [59]. Since detection
is invoked for each outer iteration, there is no abrupt change in contact pairs, thus
previous contact pairs are supplied to the algorithm as a seed, as illustrated in Fig.
4.13. By doing this, an admissible computational cost is ensured.

c)b)a)

Figure 4.13. Usage of previous contact pairs as supplied seed for contact detection
algorithm. See Fig. 4.12 for colour explanation

In some scenarios, the supplied seed does not contain any overlapping contact
pair and the initial seed needs to be found in order to conduct the detection. The
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simplest solution, adopted here, is to perform all-to-all detection until the initial seed
is found, meaning that the computational cost for such a scenario is increased to
O(ns+k). Alternatively, the supplied seed can be extended with its neighbourhood.
Although such an approach would be more efficient, it is less robust since it cannot
ensure non-existence of the overlapping candidate.

For the iterations near the converged solution, there is no change in contact
pairs, thus recalculation of the contact pairs is not necessary. Accordingly, further
efficiency improvements are possible if their update stops after some predefined
solution relative tolerance, say 5 · 10−6.

Algorithm 2 gives the pseudo-code for the described contact detection procedure.

Algorithm 2. Contact detection algorithm (global phase)
1: if the new time step is reached then
2: Initialise contact zone . Fig. 4.11
3: end if
4: for all master and slave faces within contact zone do
5: Construct bounding box . Section 4.2.1.
6: end for
7: for all master bounding boxes do
8: if the list of the previous candidates exists for current master face then
9: Perform contact detection using advancing front technique . Fig. 4.13 a) – c).
10: if conducted search find any candidate then
11: continue to the next master bounding box
12: end if
13: end if
14: Perform brute force search to find the first candidate (i.e. the seed) . Fig. 4.12 a).
15: if seed is found then
16: Perform contact detection using advancing front technique . Fig. 4.12 b) – d).
17: end if
18: end for

The proposed Algorithm 2 is general in terms of the choice of the bounding vol-
ume — the different choice of the bounding volume affects the memory requirements
and the type of overlap test. For the OBBs used here the implementation of the
overlap test is based on the 3D interpretation of the separating axis theorem (SAT).
Details regarding the implementation of the overlap test are available in [119,121].

The SAT is also used for the local phase of contact detection in which false
contact pairs are filtered out by performing 2D overlap tests. For each master face,
available slave pairs are projected onto its plane and 2D implementation of the SAT
algorithm is used to check their overlap.
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4.3. Pointwise Contact Algorithm

This section gives an outline of the main aspects of the contact algorithm pro-
posed by [1,2,50]. Here, it is named the pointwise contact algorithm (PCA) because
the violation of the impenetrability conditions are checked on the points (vertices)
of the choosen surface. The algorithm was first introduced in [1, 50], where it was
used to solve frictionless contact problems with linear-elastic solids. Subsequently,
in [2], it was extended to consider frictional large deformation contact problems.
The introduction of this algorithm made a breakthrough regarding contact mod-
elling using the finite volume method since it was the first one reported to be able
to provide a satisfactory level of robustness and accuracy in solving challenging
contact problems.

The pointwise contact algorithm can be classified as a single-pass algorithm —
contact quantities and the resulting components of the contact traction are calcu-
lated on the assigned slave surface. The normal component of the contact traction
is calculated at the slave surface points and it is subsequently interpolated at the
slave face centre, denoted with bs:

(tn)bs = − 1
||Γbs||

∑
p

ωpεn|gn|∑
p

ωp
nbs, (4.11)

where Γbs is the slave face area vector, nbs is the slave face normal vector and ωp

is the weighting factor of each face point p. The weighting factor is set to unity,
meaning that each point value has the same contribution in the overall face-centre
value. Normal gap value gn is obtained using the orthogonal projection of the slave
point onto corresponding master face, see Eq. (2.34). The tangential (frictional)
component of the contact traction is calculated directly at the slave face-centres
using Eq. (4.3) with the face-centre incremental slip defined as:

(∆gt)bs = (I− nbsnbs) • (∆ubs −∆ûbm), (4.12)

where (I − nbsnbs) is the projection tensor and ∆ûbm is the master displacement
increment interpolated to the slave surface face centres. To ensure convergence, the
final value of the slave contact traction is obtained after applying under-relaxation
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of both traction components (subscript bs is omitted for clarity):

t = αntn + (1− αn)λn + αttt + (1− αt)λt, (4.13)

where λn and λt are the accumulated normal and tangential contact tractions. αn
and αt are the under-relaxation factors for normal and tangential direction.

The interpolation of the slave surface traction onto the master surface is per-
formed using the GGI surface-to-surface interpolation, presented in Section 4.1.3.
The same interpolation is also used to interpolate the master displacement incre-
ment in Eq. (4.12). To conclude the description, the main numerical issues of the
pointwise contact algorithm are outlined as follows:

i) The calculation of the normal gap at slave points, using the closest point
projection (orthogonal projection), introduces the asymmetry in the problem.
In other words, the results are dependent on the choice of the master and slave
surface definitions.

ii) For the faces in partial contact, Eq. (4.11) is not able to correctly predict the
normal contact traction.

iii) Master surface points are allowed to freely penetrate the slave surface, thus
their penetration can go undetected. This problem is highlighted in the case
of large differences in mesh resolution, as shown in Fig. 4.14 b).

iv) The non-smooth boundaries are causing oscillations of the computed contact
force as the slave points are sliding over segments. Also, special attention must
be given when calculating the closest point projection as it is not a trivial task
due to the discontinuities of the normal field, see Fig. 4.14 a).

v) For the curved contact boundaries, the conservativeness of the GGI interpo-
lation is not enforced (correction of the weighting factors is not admissible).

a)

nbm

Γm

xs

b)

Γm

Γs

Figure 4.14. Typical problems when penetration is calculated at slave points: a)
internal and external blind spots with undefined or multiple solutions of orthogonal
projection, b) undetected penetration of master points
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4.4. Segment-to-Segment Contact Algorithm

For the non-smooth representation of contact boundaries, the resulting distri-
bution of the gap function is piecewise continuous with derivate discontinuities oc-
curring at the surface points and alongside the face edges. This is illustrated in
Fig. 4.15, which shows the distribution of the gap function for the case of contact
between non-conformal contact boundaries in 2D settings. As shown, the result-
ing distribution of the normal gap is composed of C0-continuous segments with a
derivative discontinuity at locations of mesh points of either surface. Accordingly,
if the calculation of the normal gap is performed only at the points of one surface,
an exact evaluation of the normal gap is not possible.

x3
m

no
rm

al
ga

p

position

g1
m

g2
s

g2
m

g3
s

g3
m

x4
sx3

s

x2
m

x2
sx1

s

x1
mΓm

Γs

Figure 4.15. Variation of normal gap between two surfaces in 2D (normal gap is
measured using vertical direction)

By performing an integration that will take geometrical information of both
surfaces into account, an exact evaluation of the normal gap is possible. Therefore,
it is necessary to divide the integration area into segments with a continuos variation
of the normal gap. The segments are represented as a line or surface elements,
depending on problem dimensions, see Fig. 4.16.

nbm

Γs

Γm

Γs

Γm

Figure 4.16. 2D and 3D representation of segment domain (coloured in red)
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To define the segments it is necessary to establish projection rule. Here, the
normal vector field of the master surface is adopted as projection direction. Accord-
ingly, for an arbitrary point on master boundary xm its corresponding projection
point x̂s on the slave boundary is defined as:

x̂s = xm + gnnbm (4.14)

By using Eq. (4.14) the normal gap on both sides is measured in the master normal
direction, see Fig. 4.17. Such an approach is commonly termed the ray-tracing
projection, and it can be characterized as an inverse projection relative to the closest
point projection. Defining the gap function using the ray-tracing projection offers
several appealing benefits [87]. Most importantly, it offers a unique projection,
meaning that classical problems related to the closest point projection are avoided,
see Fig. 4.14 a). Moreover, the known projection direction significantly reduces the
complexity of the contact detection algorithm.

Γs

Γm
bm

gn
nbm

Figure 4.17. Master face and corresponding segments in 2D. Projection using master
normal nbm

The discontinuity of the master surface normal field leads to an ambiguous pro-
jection at the points and alongside the mesh edges. To overcome this, one possibility
is to smooth the surface normal field by using averaged normal vectors at disconti-
nuity locations. This approach may be suitable for 2D; however, it is a much more
complex task for 3D implementations. Another possibility is to permit ambiguous
projections in such a way that each master segment has its individual projection di-
rection. As shown in Fig. 4.18, this will lead to overlapping or undefined integration
areas in the case of curved boundaries. Nonetheless, the introduced error is negligi-
ble since the relationship between penetration and segment length is very small [69].
Moreover, error diminishes with penetration reduction and mesh refinement.
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Γm

nbm

Figure 4.18. Undefined and overlapping projection areas

In the proposed segment-to-segment algorithm, the normal contact pressure act-
ing on each master segment is integrated to obtain the integral value of face normal
contact traction:

(tn)bm = 1
||Γm||

∫
Γm

pndΓm. (4.15)

Using the linear relationship introduced by the penalty method in Eq. (4.1), Eq.
(4.15) can be rewritten as:

(tn)bm = 1
||Γm||2

∫
Γm

εngndΓm, (4.16)

thus the unknown distribution of the normal contact pressure is replaced with the
distribution of normal gap gn. In order to integrate the distribution of the normal
gap, the slave faces are projected onto the master faces, decomposing each master
face into a finite number of segments k with the C1-continuous variation of gap
function: ∫

Γm

εngndΓm = εn
∑
k

∫
Γk

gndΓk, (4.17)

where Γk is the area vector of segment k. The sum of the segments areas corresponds
to the overall area of the master face:

Γm =
∑
k

Γk. (4.18)

The master face and its corresponding segments are coplanar; therefore the segment
area vector can be written as Γk = Γknbm. Since each segment k has a linear
variation of the normal gap, the integral value of the normal gap in Eq. (4.17) is
replaced with the sum of the segments averaged gap values ḡn,k:

εn
∑
k

∫
Γk

gndΓk = εnnbm
∑
k

ḡn,kΓk. (4.19)
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The term ḡn,kΓk represents the occluded volume of the corresponding master face
(hatched areas in Fig. 4.16). The occluded volume is uniquely defined, resulting in a
symmetric approach in the calculation of the normal contact traction. Accordingly,
the normal contact traction on the slave side is simply obtained by summing the
corresponding segments contributions which are calculated on the master side.

The tangential (frictional) component of the contact traction is calculated using
the linear penalty method:

(ttrt )bm = εt(∆gt)bm, (4.20)

where ttrt is the trial frictional traction used to determine the contact status:

stick µ|pn| − ||ttrt || > 0 then tt = ttrt , (4.21)

slip µ|pn| − ||ttrt || 6 0 then tt = µ|pn|
ttrt
||ttrt ||

. (4.22)

Note that final frictional traction tt which obeys Coulomb’s friction law is calculated
with the current value of the normal contact pressure. For the master side, the
incremental tangential slip in Eq. (4.20) is calculated in accordance with Eqs.
(2.36) and (2.37) as follows:

(∆gt)bm = (I− nbmnbm) • (∆ubm −∆ûbs) , (4.23)

where (I−nbmnbm) is the projection tensor which ensures that the frictional traction
is in the tangent plane associated with the master face normal. ∆ûbs is the displace-
ment increment of the slave surface at a location determined by the projection of
the master face-centre. The projection of the master face-centre can be performed
either by orthogonal projection or ray-tracing projection. Some preliminary tests
showed that differences in results are negligible, thus ray-tracing may be preferable
to avoid common problems of the orthogonal projection. Besides, it should be noted
that both projections tend to the same solution with penetration reduction.

Following the same procedure, i.e. Eqs. (4.20)–(4.23), the frictional contact trac-
tion is calculated on both contact surfaces independently. This potentially results
in a violation of the action-reaction principle; however, the results showed that the
introduced error is insignificant.
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Numerical implementation

This subsection outlines details involving the numerical implementation of the
proposed contact-force calculation algorithm. The implementation is done as an
extension of the GGI interpolation procedure, available within the foam-extend

package. Primary components of the GGI code structure intended for projections,
overlap tests and intersection construction have served as a starting point for the
contact algorithm implementation.

The proposed calculation method of the normal component of the contact trac-
tion requires integration of the normal gap distance across each master face. By
projecting the corresponding slave face pairs onto the master face, positions of dis-
continuities are located and the integration is performed over segments with C1-
continuous variation of the normal gap distance. This is illustrated in Fig. 4.19 and
summarized for one contact pair as follows:

a) Construct an auxiliary plane p using the master face centre point rbm and the
corresponding unit normal vector nbm.

b) Project points of the slave and the master face onto auxiliary plane p using the
plane normal. The master face points are projected to remove any possible
warping. The projected faces (polygons) are denoted as m and s. At this
stage, the overlap test between the projected polygons is performed to check
for the existence of intersection. If polygon s does not overlap with master
polygon m, the rest of the procedure is skipped.

c) Clip the overlapping faces using a clipping algorithm and form the intersection
polygon, i.e. segment k = s ∩m.

d) Calculate geometric centre point xc and decompose the intersection polygon
into i triangles.

e) Using the auxiliary plane normal project points of the intersection polygon
xk,i onto slave face s and calculate the normal gap distance gn,i of each point,
including centre point xc. Finally,the segment contribution in Eq. (4.19) is
calculated by summing up the contribution of each triangle:

ḡn,kΓk =
∑
i

1
3 (gn,i + gn,i+1 + gn,c) Γk,i, (4.24)

where Γk,i is the surface area of corresponding triangle i.
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b)a) c)
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Figure 4.19. Main steps of integration algorithm: a) construction of auxiliary plane,
b) projection onto auxiliary plane, c) construction of intersection polygon, d) central
decomposition and e) computing segment contribution

In the case of partial contact, the distribution of the normal gap over the segment
is discontinuous. To take this into account, steps d) – e) are modified to consider
the region with a non-positive normal gap (integrand) distribution (the steps refer
to Fig. 4.20):

c*) Use the normal gap values at points of polygon k to loop over its edges and
form polygon k‘ which has non-positive normal gap distance at all points and
edges.

d) Calculate geometric centre point xc‘ of polygon k‘, and decompose it into i
triangles.

e) The segment contribution in Eq. (4.19) is calculated summing up the contri-
bution of each triangle i of which polygon k‘ is composed:

ḡn,kΓk =
∑
i

1
3
(
gn,i + gn,i+1 + gn,c‘

)
Γk‘,i. (4.25)
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c*) d) xk‘,i

xc‘

k‘

xk‘,i+1

e)
xk‘,i+1, gn,i+1 = 0

Γk‘,ixk‘,i

Figure 4.20. Calculation of segment contribution in the case of partial contact.
Darker area represents polygonal region in contact

The in-plane overlap tests between polygons m and s were performed using the
SAT algorithm. The Boolean Gilbert-Johnson-Keerthi (GJK) algorithm [129] was
also implemented and tested, but as expected, the results showed that the SAT
algorithm provided higher efficiency for triangular and rectangular faces. Since the
efficiency of the SAT algorithm depends on the number of axes tested, the GJK
algorithm can ensure higher efficiency for some specific cases (a large number of
falsely reported contact pairs / polygonal meshes). Nonetheless, the efficiency of
both algorithms is similar and any potential efficiency gain on this step is minor.

After the projection stage, the intersection construction or the so-called polygon
clipping is performed to obtain the corresponding segment geometry. Because of the
finite volume discretisation, the overlapping polygons are convex, which simplifies
the required complexity of the polygon clipping algorithm. Accordingly, polygon
clipping is performed using the Sutherland-Hodgman algorithm [8], which is fast,
robust and can operate on any convex n-sided polygon. As a result, an ordered
list of intersection polygon points is generated. Figure 4.21 illustrate the under-
lying strategy of the Sutherland-Hodgman algorithm — for further details see, for
example, [119, 121]. Although the Sutherland-Hodgman algorithm is the optimal
choice for the application presented here, it is possible to use other algorithms,
for example the Weiler-Atherton algorithm [130], the Vatti algorithm [131] or the
Greiner-Hormann [132] polygon clipping algorithm.

The property of the convex polygons is that their intersection is also convex,
which is important for ensuring the existence of a valid (interior) centre point for
the centre-based triangulation performed in step d). Alternatively, decomposition
can be performed using the Delaunay or fan triangulation; however, it is expected
that the centre-based triangulation will provide the best robustness. Here, it is
important to notice that the overall procedure relies on the fact that faces s and m
will remain convex after projection, which is true for the small deviation between
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their normals.
It should be also noticed that the first three steps a)–c) are in fact the main steps

of the GGI interpolation procedure. Accordingly, the calculation of the intersection
polygon area allows the construction of the GGI area-weighted interpolation. This
is an important feature since it allows the interpolation of other physical quantities
across the contact interface (for example heat and electric flux in thermo-electro-
mechanical contact).

subject

cli
pp

er

Figure 4.21. Illustration of Sutherland-Hodgman clipping algorithm [8]. Edges of
clipping polygon (clipper) are used for calculation of possible intersection points and
for rejection of points lying outside clipper

The calculation of the tangential slip increment using Eq. (4.23) requires the
displacement increment at the location where the projection of the corresponding
face centre is established. After finding a face with a valid (interior) point projection,
the face is decomposed into triangular facets using the geometric centre. Next, for
a triangular facet containing projection point x̂, the normalised barycentric (areal)
coordinates are calculated and the value at the projection point is obtained using
the barycentric interpolation:

(∆u)x̂ =
3∑
i

∆uiζi (4.26)

where ζi are the normalised barycentric coordinates:

ζ1 + ζ2 + ζ3 = 1 (4.27)

The described procedure is illustrated in Fig. 4.22. Note that the value of the
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displacement increment at surface points ∆ui is already obtained with the least-
squares method during the boundary update (value at the central point is calculated
by averaging the face points values).

1

2

3x̂
ζ2

ζ1ζ3

31

2

Figure 4.22. Central decomposition and interpolation using normalised barycentric
coordinates

4.4.1. Comparison With the Pointwise Contact Algorithm

In this section, the main differences between the pointwise and the segment-
to-segment contact algorithm are outlined by solving simple contact examples. In
diagrams, the segment-to-segment contact algorithm is denoted with SCA and the
pointwise algorithm with PCA.

In the first example, the contact between two concentric hollow cylinders is con-
sidered. A quarter of the geometry is modelled, and both cylinders have the same
material properties. The inner cylinder is pressurised with pressure p, and the ex-
ample is solved in one load increment. At the contact surface, a constant pressure
distribution is expected. The inner cylinder is discretised in the circumferential di-
rection with 40 CVs, while the outer cylinder is discredited with 30 CVs, see Fig.
4.23 a). Due to dissimilar discretisation in the circumferential direction, the result-
ing pressure field is not constant, and it exhibits oscillations in the circumferential
direction. Accordingly, the goal of this example is to show which type of contact
algorithm show less oscillatory behaviour.

Figure 4.24 shows the distribution of the resulting radial stresses σrr at the
contact interface for different choices of the master surface. The average value of
the radial stresses is for all cases in good agreement with the analytical solution [133];
however, resulting stress distribution exhibits visible oscillations. Although these
oscillations can be removed by conformal contact discretisation or suppressed by
finer discretisation, their existence is inevitable in cases with the non-conformal
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piecewise linear discretisation of the curved contact boundaries. Accordingly, for
practical applications, ensuring less oscillatory behaviour of the contact stresses is
of great importance. One can see that the pointwise contact algorithm exhibits
considerably larger oscillations of the contact pressure, especially when a coarser
surface is chosen as a slave surface. In contrast to that the segment-to-segment
contact algorithm exhibits the same magnitude of oscillations irrespective of the
choice of the master surface. Moreover, the magnitude of oscillations is smaller and
the same in all cases.

a)
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r c

r o

r i

r

θ

E, ν

b)

θ

θ = 45◦

E, ν

Figure 4.23. Contact between two concentric hollow cylinders (ro/ri = 2, rc = 1.4ri)
a) and twisting contact between cubic blocks at θ = 45◦ b). Computational meshes
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Figure 4.24. Contact pressure oscillations at contact interface
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In the second example, gradual loss of contact is analysed by considering the
contact between two unit blocks, see Fig 4.23 b). Both blocks have the same geo-
metrical and material properties. The upper block is discretised with 1,000 CVs and
the lower with 512 CVs. The bottom surface of the lower block is fixed, while the
top surface of the upper block has prescribed vertical displacement and rotation.
Prescribed displacement is held constant during the subsequently applied rotation
of 90◦.

Figure 4.25 shows the evolution of the vertical reaction force presented as nor-
malised reaction pressure at the lower block bottom surface. While the segment-
to-segment contact algorithm produces the same results irrespective of the choice
of the master surface, the pointwise contact algorithm shows a significant differ-
ence between the results. The cause for this lies in impossibility to describe the
gradual change in the contacted area. More precisely, the pointwise contact algo-
rithm cannot correctly evaluate contact stress for faces in partial contact, leading
to over-estimation or under-estimation of the contact stresses.
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Figure 4.25. Twisting contact between cubic blocks: evolution of vertical reaction
force
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4.5. Implicit Neumann-Neumann Coupling Pro-
cedure

For many problems in which contact is the dominant phenomenon that governs
deformation, the efficiency of the segregated solution procedure can be significantly
impacted due to the slow convergence rate of the explicit contact coupling. In ad-
dition, the calculation expenses of the contact algorithm are relatively high, leading
to a significant calculation overhead of each outer iteration.

The efficiency of the explicit contact coupling depends on two user-defined pa-
rameters: the penalty parameter and the under-relaxation factor. Hence, their
value must be carefully set to obtain an acceptable level of accuracy and to ensure
an acceptable convergence rate. The acceptable range value of the under-relaxation
factor is inversely proportional to the specified penalty parameter, and tuning these
factors can be a troublesome task, especially for an inexperienced user.

With the implicit implementation of the contact coupling, it is expected that
the calculated contact force can be prescribed at the contact boundary without
under-relaxation. Consequently, an optimal convergence rate can be achieved for
any user-defined penalty factor.

While deriving the implicit coupling procedure, the following must be kept in
mind:

• Contact traction is a function of the boundary displacement of both contacted
surfaces.

• Computational points are located at the cell-centres; boundary displacement
is not directly available.

• Only the converged solutions satisfy the momentum balance; any intermediate
solution has unresolved inter-equation coupling.

• Contact conditions are described with non-differentiable functions and the
resulting contact area is a priori unknown.

To successfully derive the implicit coupling procedure all of these considerations
must be taken into account. In addition to the listed considerations, the assump-
tion that implicit coupling requires an implicit contact detection algorithm is valid.
Nevertheless, derivation of the implicit coupling which relies on a simpler explicit
contact detection has been shown to be possible.
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The proposed procedure, presented in the following sections, relies on the lin-
earisation of the contact traction and derivation of the implicit equation for the
boundary displacement, i.e. boundary gradient. Firstly, the simplest contact prob-
lems are considered and the complexity gradually increases.

4.5.1. 1D Contact Problems

In order to understand the principle of the herein presented implicit coupling
procedure, the best way is to start with as simple example as possible. Let us
consider an axial bar with constant axial stiffness AE and without axial load q(x) =
0, as shown in Fig. 4.26. For such a case, the differential equation in terms of
displacement u has the following form:

d2u
dx2 = 0. (4.28)

Following the basic finite volume discretisation procedures, Eq. 4.28 is discretised
as follows: ∑

f

nf •
(
du
dx

)
f

= 0. (4.29)

Using Eq. 4.29, the system of equations for the discretised bar shown in Fig. 4.26
is: 

−9 3 0

3 −6 3

0 3 −3




u0

u1

u2

 =


−u0,b/δ

0

−Fc

 , (4.30)

where u0,b is the prescribed boundary displacement of the CV-0, Fc is the contact
force and δ = ∆x/2 is distance between boundary face centre and cell centre. Since
this is 1D example, in the case of contact, the contact area is known. However,
even for this simple example the procedure which will allow contact detection and
contact treatment must be defined. The straightforward way to go is to check and
update the contact boundary after each iteration of the solution procedure.
Accordingly, at the first iteration, the bar is not in contact and contact force Fc
is set to zero, therefore the obtained solution is equal in every cell and it is equal
to prescribed boundary displacement u0,b. However, at the second iteration, in the
case when prescribed displacement u0,b on the left side of the bar is larger than the
initial gap g, contact will occur and the bar will undergo axial compression.
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u0,b g

CV-0 CV-1 CV-2

∆x δ

x

AE = const.

Figure 4.26. 1D bar in contact with rigid plane. Overall bar length and axial
stiffness AE have unit value

Although the contact force directly depends on the gap value, the gap value is
mathematically described with a non-linear function, thus deriving a linear equation
for the contact force is not possible. Introducing the assumption that the boundary
will remain in contact for the current iteration, the explicit gap value can be used to
derive a linear equation for the contact force. That means that the contact force is
a direct function of the boundary displacement. With that in mind, for this simple
example the following equation can be derived:

Fc = εg∗︸︷︷︸
explicit part

− ε
(
u2,b − u∗2,b

)
︸ ︷︷ ︸
implicit correction

, g∗ =


g∗ if g∗ 6 0

0 if g > 0
. (4.31)

where ε is the penalty parameter, g∗ is the gap value from the previous iteration and
u2,b is the CV-2 boundary displacement from the previous iteration. The first term
in Eq. (4.31) represents the contact force calculated using the achieved penetration,
whereas the second term represents the implicit correction, which tends to zero
during the iterative procedure. Actually, Eq. (4.31) matches the equation from the
Picard method, commonly used in FVM [134]:

S ≈ S∗ +
(
∂S

∂φ

)∗
(φ− φ∗), (4.32)

where S = S(φ). To account for the iterations where there is no contact (such as
the first iteration for the considered example), Eq. (4.31) is modified as follows:

Fc = εg∗ − βε
(
u2,b − u∗2,b

)
, β =


1 if g < 0

0 if g = 0
. (4.33)

Since the gap value can take only negative values, in the case that there is no
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contact, Eq. (4.33) is equal to zero which means that it can describe the stress-free
boundary.

At this point, it is clear that Eq. (4.33) cannot be directly used without an
equation for boundary displacement u2,b. To resolve this problem the first logical
attempt would be to assume that the boundary displacement is by value close to
the displacement at the cell centre. By introducing such an assumption, Eq. (4.33)
can be rewritten as:

Fc = εg∗ − βε
(
u2,P − u∗2,P

)
. (4.34)

Introducing Eq. (4.34) into Eq. (4.30) we obtain the following system of equation:


−9 3 0

3 −6 3

0 3 −3− βε




u0

u1

u2

 =


−u0,b/δ

0

−εg∗ − βεu∗2,P

 . (4.35)

Table 4.1 depicts the convergence history for two different scenarios. The first
scenario is the case in which variable β is updated in each iteration. In that case,
the system of equations cannot converge. More precisely, the bar exhibits oscillatory
behaviour between active and inactive contact status. Although convergence is
achieved in the second scenario, it is assumed that the bar is always in contact
(β = 1) and that the gap value can take a positive value.

Table 4.1. 1D bar example: convergence history in the case that contact force in
Eq. (4.33) is calculated with (u0,b = 0.1, ε = 1e5): a) β 6= const. , b) β = 1. Initial
distance between bar and rigid surface is set to zero

a)

iteration u0 u1 u2 g∗

1 0.100 0.100 0.100 0
2 0.0800 0.0400 1.2e-6 -0.100
3 0.100 0.100 0.100 0
4 0.0800 0.0400 1.2e-6 -0.100
5 0.100 0.100 0.100 0
... ... ... ... ...

b)

iteration u0 u1 u2 g∗

1 0.0800 0.0400 1.2e-6 0
2 0.0840 0.0520 0.0200 0.01999
3 0.0832 0.0496 0.0160 -0.00400
4 0.0833 0.0500 0.0168 0.00072
... ... ... ... ...
15 0.0833 0.0500 0.0166 -0.0010
16 0.0833 0.0500 0.0166 -0.0009̇
17 0.0833 0.0500 0.0166 -0.0009̇

As shown, even for this simple example, substituting the boundary displacement
with the cell-centre displacement does not provide convergence. Since the bar un-
dergoes a linear distribution of displacement, the displacement gradient is constant
along the bar, therefore boundary displacement in Eq. (4.33) can be extrapolated
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from the interior using the implicit gradient:

u2,b = u2 + u2 − u1

∆x δ. (4.36)

Substituting Eq. (4.36) into Eq. (4.33), the following system of equations is ob-
tained: 

−9 3 0

3 −6 3

0 3 + 0.5βε −3− 1.5βε




u0

u1

u2

 =


−u0,b/δ

0

−εg∗ − βεu∗2,b

 . (4.37)

Finally, the system of equation converges within two iterations as depicted in Table
4.2. As expected, the implicit correction is zero at the third iteration.

Table 4.2. 1D bar example: convergence history (u0,b = 0.1, ε = 1e5). Initial
distance between bar and rigid surface is set to zero
iteration u0 u1 u2 g∗ Fc = εg∗ − βε

(
u2,b − u∗2,b

)
,

1 0.100 0.100 0.100 0 = 0
2 0.0833 0.0500 0.0166 -0.100 = −ε · 0.1 + 1 · ε · (9.999e-7− 0.1) = −0.099
3 0.0833 0.0500 0.0166 9.9e-7 = −ε · 9.9e-7 + 1 · ε · (9.999e-7− 9.999e-7)︸ ︷︷ ︸

=0

= −0.099

Without introducing an additional set of equations for the boundary displace-
ment, the boundary displacement can be derived in an implicit manner if the implicit
equation for the displacement gradient at the cell centre is available. Generally, that
equation is not available; Eq. (4.36) is valid only for this specific case.

To resolve this, a method that eliminates the need for an equation for the gradient
is proposed:

Fc = AE

(
du

dx

)
2,b

= εg∗ − βε
(
u2,b − u∗2,b

)
, (4.38)

(
du

dx

)
2,b

= u2,b − u2,P

δ
. (4.39)

Combining Eq. (4.38) and Eq. (4.39), the equation for boundary displacement is
obtained:

u2,b = δε

1 + δβε
(g∗ + βu∗2,b) + 1

1 + δβε
u2,P . (4.40)

Finally, the boundary displacement is a function of the solution variable, i.e.
displacement at the cell-centre. Please note that the term AE is omitted for clarity
since the unit value is used for the examples given herein.
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Since the contact boundary is treated as the Neumann boundary, Eq. (4.39) is
used once again in conjunction with Eq. (4.40) to derive the implicit equation for
the boundary gradient:

g2,b = ε

1 + δβε
(g∗ + βu∗2,b)−

εβ

1 + δβε
u2,P . (4.41)

Combining Eq. (4.41) with Eq. (4.30), the following system of equations is obtained:


−9 3 0

3 −6 3

0 3 −3− εβ

1 + δβε




u0

u1

u2

 =


−u0,b/δ

0

− ε

1 + δε
(g∗ + βu∗2,b)

 . (4.42)

By solving the presented system of equations the same results as the results depicted
in Table 4.2 are obtained. To conclude, the proposed procedure can handle the
evolution of contact status during the iterative procedure. Also, it does not include
an additional set of equations to describe the boundary displacement. To extend
the proposed method for the contact between two deformable bodies, an example
in which two bars are coming into contact is considered, as shown in Fig. 4.27.

CV-3 CV-4 CV-5
AE = const.g

CV-0 CV-1 CV-2

∆x δ

x

u0,b

2,b

3,b

Figure 4.27. Two 1D bars coming into contact, both bars have unit axial stiffness
AE and unit length

In the previous example, the contact force is a function solely of the one vari-
able, however, in the case of the contact between two bodies it is a function of the
boundary displacement of both bodies:

F2,c = εg∗ − βε(u2,b − u∗2,b) + βε
(
u3,b − u∗3,b

)
. (4.43)

Again, Eq. (4.43) matches the equation from the Picard method:

S ≈ S∗ +
(
∂S

∂φa

)∗
(φa − φ∗a) +

(
∂S

∂φb

)∗
(φb − φ∗b), (4.44)
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where S is a quantity that depends on two variables S = S(φa, φb).
Because of the action-reaction principle, we can introduce equality F2,c = −F3,c

and combine it with Eq. (4.39) to obtain the boundary displacement in the following
form:

u2,b = u3,P + u2,P − u3,b. (4.45)

Substituting Eq. (4.45) to Eq. (4.43), the boundary displacement is obtained:

u2,b = δε

1 + 2δεβ (g∗ + βu∗2,b − βu∗3,b) + δεβ

1 + 2δεβu3,P + 1 + δεβ

1 + 2δεβu2,P . (4.46)

Finally, the boundary gradient is obtained substituting Eq. (4.46) to Eq. (4.39):

g2,b = ε

1 + 2δεβ (g∗ + βu∗2,b − βu∗3,b) + εβ

1 + 2δεβu3,P −
εβ

1 + 2δεβu2,P . (4.47)

The boundary gradient for the right bar is obtained by following the same procedure.
After discretisation, the resulting system of equations is:


−9 3 0 0 0 0

3 −6 3 0 0 0

0 3 −3− cβ cβ 0 0

0 0 cβ −3− cβ 3 0

0 0 0 3 −6 3

0 0 0 0 3 −9





u0

u1

u2

u3

u4

u5



=



−u0,b/δ

0

c(g∗ + βu∗2,b − βu∗3,b)

c(g∗ + βu∗2,b − βu∗3,b)

0

0



, (4.48)

where c = ε(1 + 2δβε)−1. The term c contributes to diagonal coefficients only
for the cells adjacent to the contact boundary and it is a coupling term between
two cells in contact. The resulting system of equations maintains a symmetric and
diagonal dominant form produced by discretising the Laplace operator. The solution
is obtained iteratively by treating the solution vector and term c in a deferred
correction manner. The presented example is solved in two iterations, as depicted
in Table 4.3. In the first iteration, the contact is detected, whereas in the second
iteration a final solution is obtained and no further iterations are needed.
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Table 4.3. Two 1D bars coming into contact: convergence history (u0,b = 0.1,
ε = 1e5). Initial distance between bars is set to zero

iteration u0 u1 u2 u3 u4 u5 g∗

1 0.100 0.100 0.100 0 0 0 0
2 0.0916667 0.0750001 0.0583335 0.0416665 0.0249999 0.0083333 0.1
3 0.0916667 0.0750001 0.0583335 0.0416665 0.0249999 0.0083333 5e-7

In contrast, if the same example is solved using the explicit contact coupling,
the required number of iterations can easily reach up to a few hundred. For demon-
stration, Table 4.4 depicts the convergence history in the case of under-relaxation
α = 2.5 • 10−6 for which 40 iterations are required to reach convergence.

Table 4.4. Two 1D bars coming into contact: convergence history in the case of
explicit contact coupling

iteration u0 u1 u2 u3 u4 u5 g∗

1 0.100 0.100 0.100 0 0 0 0
2 0.0958333 0.8750000 0.0791666 0.0208333 0.0125000 0.0004166 0.1
3 0.0937500 0.0812500 0.0687500 0.0312499 0.0187499 0.0006249 5e-2
4 0.0927083 0.0781250 0.0635417 0.0364582 0.0218749 0.0072916 2.5e-2
... ... ... ... ... ... ... ...
20 0.0916667 0.0750002 0.0583336 0.0416664 0.0249998 0.0083332 8.8e-7
... ... ... ... ... ... ... ...
40 0.0916667 0.0750001 0.0583335 0.0416665 0.0249999 0.0083333 5e-7

4.5.2. 2D and 3D Contact Problems

The next step is to extend the proposed procedure to 2D and 3D frictionless
contact problems. Firstly, the procedure for linear-elastic solids is derived and the
extension to the nonlinear material model is considered later on. Regardless of
the contact type, to obtain the gradient at the contact boundary in an implicit
manner, the equation for boundary traction and boundary gradient are the starting
equations, therefore they are listed below:

• Boundary traction in over-relaxed form:

tb = (2µb+λb)nb •(∇u)b−(µb+λb)nb •(∇u)b+µbnb •(∇u)T
b +λbnbtr((∇u)b). (4.49)

• Boundary gradient is the dot product of outward-pointing normal and gradient:

gb = nb • (∇u)b = ub − uP
δnb

, (4.50)
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where δnb = nb • db. Please note that Eq. (4.50) assumes an orthogonal mesh at
the contact boundary, i.e.vectors db and dn are perfectly parallel, see Fig. 3.2. The
extension that will consider boundary non-orthogonality will be introduced later.
All equations are derived with total displacement u as a dependent variable.

Contact between deformable body and rigid surface

The contact between a deformable body and a rigid surface can be considered
as a special case of contact between two bodies, however, for the sake of simplicity,
we will first consider such a case.

Since we have only one deformable body, the contact boundary is denoted with
subscript b, as shown in Fig. 4.28. It is a common practice in the FV literature to use
the first and second Lamé parameters in the case of linear-elasticity; this notation is
also used herein although it is somehow impractical since the coefficient of friction
shares the same symbol as the second Lamé parameter. However, frictionless contact
is assumed, therefore µ refers solely to the second Lamé parameter.

nb λb, µb
P

b

δ n
b

Figure 4.28. Contact between deformable body and rigid surface

Combining Eqs. (4.49) and (4.50) results in:

ub − uP
δnb

=
tb − nb •

[
µb(∇u)T

b − (µb + λb)(∇u)b
]
− nb • λbtr((∇u)b)

(2µb + λb)
. (4.51)

The linearised equation for boundary traction tb is:

tb = εnn∗bg∗n − βεn(n∗bn∗b) • (ub − u∗b), (4.52)

where n∗b is the boundary normal vector calculated using the displacement field from
the previous iteration. The term (n∗bn∗b) is added to account for only the normal
component of the boundary displacement, i.e. the tangential component does not
contribute to the normal contact pressure. The term β is calculated as the ratio
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between face area in contact and face total area. More precisely, it represents the
relative area in contact which is bounded between zero and unit value.

The equation for the boundary displacement is obtained by substituting Eq.
(4.52) into Eq. (4.51):

ub = εnδnb
(2µb + λb)

[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
• (n∗bn∗b) • (βu∗b + n∗bg∗n)

+ δnb
(2µb + λb)

[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
•

[
nb •

[
(µb + λb)(∇u)b − µb(∇u)T

b

] ]

− δnb
(2µb + λb)

[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
•

[
nb • λbtr((∇u)b)

]

+
[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
• uP .

(4.53)

Finally, the boundary gradient is obtained combining Eq. (4.50) and Eq. (4.53):

gb = (4.54)

εn
(2µb + λb)

[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
• (n∗bn∗b) • (βu∗b + n∗bg∗n) (i)

+ 1
(2µb + λb)

[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
•

[
nb •

[
(µb + λb)(∇u)b − µb(∇u)T

b

] ]
(ii)

− 1
(2µb + λb)

[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1
•

[
nb • λbtr((∇u)b)

]
(iii)

+ 1
δnb


[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1

D

• uP (iv)

+ 1
δnb


[
I + εnδnbβ

(2µb + λb)
n∗bn∗b

]−1

LU

• u∗P (v)

− 1
δnb

uP . (vi)

Terms (i), (ii) and (iii) contribute to the right-hand side vector of the resulting
system of the algebraic equation. Note that the boundary gradient, its trace and
transpose are calculated explicitly, superscript * is omitted for clarity. Terms (iv)
and (v) represent the same term, however (iv) consists only of the tensor diago-
nal components, whereas (v) includes only the off-diagonal tensor components. The
diagonal tensor components together with term (vi) are added to the diagonal coeffi-
cients of the left-hand side matrix. The off-diagonal components are multiplied with
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the solution from the previous iteration and subsequently added to the right-hand
side vector. The explained decoupling into off-diagonal and diagonal components is
a common strategy in preserving efficiency when the segregated solution procedure
is used. One can see that Eq. (4.54) is similar to Eq. (4.41), derived for the simple
bar contact. The difference is in lagged traction components (ii and iii) and term
(v).

To demonstrate the performance of the above-proposed procedure, Hertzian con-
tact problems described in Subsections 5.2.1 and 5.2.5 are considered. Figure 4.29
a) shows the normal pressure distribution at the cylinder contact surface, whereas
Fig. 4.29 b) shows the half-sphere subsurface stresses along the z-axis. As shown,
the same solution is obtained, i.e. accuracy is not affected by the implicit imple-
mentation.
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Figure 4.29. Comparison of stress distribution between explicit and implicit contact
coupling: a) cylinder and b) sphere contact with rigid plane. Both examples are
solved using the fine mesh

Table 4.5. Efficiency comparison between implicit and explicit coupling for different
values of penalty parameter — contact between cylinder/sphere and rigid plane

Sphere — rigid plane
εn/Es Implicit ncorr Explicit (optimal) ncorr Avg. relative gap [%]
10 58 64 13
100 60 245 2
1,000 61 1,107 0.2

Cylinder — rigid plane
εn/Es Implicit ncorr Explicit (optimal) ncorr Avg. relative gap [%]
10 52 114 4
100 57 672 0.5
1,000 60 2,332 0.05
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The results depicted in Table 4.5 in which a comparison between the number
of outer iterations is made for different penalty factors are more interesting. Since
the efficiency of the explicit coupling procedure depends on the prescribed under-
relaxation factor, the depicted number of outer iterations is obtained using its opti-
mal value, which is manually obtained in an iterative manner. One can see that the
implicit coupling maintains the same number of iterations with a penetration reduc-
tion. On the other hand, in the case of explicit coupling, the number of iterations
increases proportionally with a reduction in penetration. Although in the case of a
lower value of the penalty parameter the explicit coupling can have similar efficiency
as the implicit coupling, the tests show that this typically leads to an unsatisfactory
level of accuracy. When a high level of accuracy is required, the implicit coupling
shows much better convergence behaviour — the expected reduction in the number
of outer iterations is at least in the range of ∼2-3.

Conformal discretisation at the contact interface

In this section, the contact between two deformable bodies with the assumption
of conformal discretisation at the contact surface is considered. The slave and master
notation is introduced for the bodies in contact to be distinguished — subscript b
is replaced with the corresponding subscript for master or slave boundary.
Combining Eqs. (4.49) and (4.50) for the for master side we get:

ubm − uPm
δnm

=
tbm − nbm •

[
µbm(∇u)T

bm − (µbm + λbm)(∇u)bm
]
− nbm • λbmtr((∇u)bm)

(2µbm + λbm)
(4.55)

The same is obtained for the slave side:

ubs − uPs
δns

=
tbs − nbs •

[
µbs(∇u)T

bs − (µbs + λbs)(∇u)bs
]
− nbs • λbstr((∇u)bs)

(2µbs + λbs)
(4.56)

The next step is to express the boundary displacement as a function of cell centre
displacements and the boundary displacement of the adjacent cell. To accomplish
this we will take the equality of contact traction into account:

tbm = −tbs. (4.57)
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Combining Eqs. (4.55), (4.56) and (4.57) results in the following expressions for the
master and slave boundary displacement:

ubm = δnm(2µbs + λbs)
δns(2µbm + λbm) (uPs − ubs) + uPm

+ δnm
(2µbm + λbm)

{
nbm •

[
(µbm + λbm)(∇u)bm − µbm(∇u)T

bm

]
− nbm • λbmtr((∇u)bm)

}
+ δnm

(2µbm + λbm)

{
nbs •

[
(µbs + λbs)(∇u)bs − µbs(∇u)T

bs

]
− nbs • λbstr((∇u)bs)

}
,

(4.58)

ubs =δns(2µbm + λbm)
δnm(2µbs + λbs)

(uPm − ubm) + uPs

+ δns
(2µbs + λbs)

{
nbm •

[
(µbm + λbm)(∇u)bm − µbm(∇u)T

bm

]
− nbm • λbmtr((∇u)bm)

}
+ δns

(2µbs + λbs)

{
nbs •

[
(µbs + λbs)(∇u)bs − µbs(∇u)T

bs

]
− nbs • λbstr((∇u)bs)

}
.

(4.59)

Per Picard linearization, the linearised normal contact traction for both sides is:

tbm = (n∗bmn∗bm) •
[
εnn∗bm(gn)∗m − εnβm(ubm − u∗bm) + εnβm(ubs − u∗bs)

]
, (4.60)

tbs = (n∗bsn∗bs) •
[
εnn∗bs(gn)∗s − εnβs(ubs − u∗bs) + εnβs(ubm − u∗bm)

]
, (4.61)

where n∗bm and n∗bs are the boundary normal vectors, calculated on both sides in-
dependently, using the displacement solution from the previous iteration. Due to
the conformal discretisation, the relative area in contact is the same for both sides
βm = βs. Combining Eqs. (4.55), (4.59) and (4.60) the master boundary displace-
ment as a function of the cell-centre displacement is obtained:

ubm =
[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1

•

 εn
δnm

(2µbm + λbm)(n∗bmn∗bm) • [n∗bm(gn)∗m + βmu∗bm − βmu∗bs]

+ εnβm
δnmδns

(2µbm + λbm)(2µbs + λbs)
(n∗bmn∗bm)

•

[
nbm •

[
(µbm + λbm)(∇u)bm − µbm(∇u)T

bm

]
− nbm • λbmtr((∇u)bm)

+ nbs •
[
(µbs + λbs)(∇u)bs − µbs(∇u)T

bs

]
− nbs • λbstr((∇u)bs)

]
+ δnm

(2µbm + λbm)
•

[
nbm •

[
(µbm + λbm)(∇u)bm − µbm(∇u)T

bm

]
− nbm • λbmtr((∇u)bm)

]

+
[
I + εnβm

δns
(2µbs + λbs)

(n∗bmn∗bm)
]
• uPm + εnβm

δnm
(2µbm + λbm)(n∗bmn∗bm) • uPs

.

(4.62)
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Finally, the expression for the boundary gradient on the master side is obtained
combining Eq. (4.62) and (4.50):

gbm =
[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1

•

εn
1

(2µbm + λbm)(n∗bmn∗bm) • [n∗bm(gn)∗m + βmu∗bm − βmu∗bs]

+ εnβm
δns

(2µbm + λbm)(2µbs + λbs)
(n∗bmn∗bm)

•

[
nbm •

[
(µbm + λbm)(∇u)bm − µbm(∇u)T

bm

]
− nbm • λbmtr((∇u)bm)

+ nbs •
[
(µbs + λbs)(∇u)bs − µbs(∇u)T

bs

]
− nbs • λbstr((∇u)bs)

]

+ 1
(2µbm + λbm)

•

[
nbm •

[
(µbm + λbm)(∇u)bm − µbm(∇u)T

bm

]
− nbm • λbmtr((∇u)bm)

]
+ 1
δnm


εnβmδns

(2µbs + λbs)

[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1
• (n∗bmn∗bm)

+
[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1

− I


LU

• u∗Pm

+ 1
δnm


εnδnsβm

(2µbs + λbs)

[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1
• (n∗bmn∗bm)

+
[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗nmn∗bm)

]−1

− I


D

• uPm

+


εnβm

(2µbm + λbm)

[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1
• (n∗bmn∗bm)


LU

• u∗Ps

+


εnβm

(2µbm + λbm)

[
I + εnβm

(
δnm

(2µbm + λbm) + δns
(2µbs + λbs)

)
(n∗bmn∗bm)

]−1
• (n∗bmn∗bm)


D

• uPs,

(4.63)
where the red-coloured term contributes to the diagonal components of the left-
hand side matrix, while the blue-coloured term represents the coupling term which
is added to the corresponding off-diagonal coefficient within the left-hand side ma-
trix. Other terms, coloured in black, are added to the right-hand side vector of the
resulting system of the equations. Note that, the same as in the previous section,
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some terms are decoupled into diagonal and off-diagonal components to ensure the
best possible efficiency while using the segregated solution procedure. During the
iterative procedure, all these terms are updated, meaning that the left-hand side
matrix as well as the right-hand side vector evolve to the final solution. For the
boundary faces that are not in contact, the relative contact area is β = 0, conse-
quently Eqs. (4.62) and (4.63) are reduced to the form which presents a stress-free
boundary.

For the slave side, the expression for boundary displacement and boundary gra-
dient is obtained following the same procedure. The slave boundary displacement
is obtained by combining Eqs. (4.56), (4.59) and (4.61), whereas the boundary
gradient is obtained by combining the resulting equation with (4.50).

Introducing equality nbm = −nbs it is possible to further simplify the presented
equations, however, it is not done here to maintain the possibility of extending them
to non-conformal contact scenarios.

Before proceeding to the non-conformal discretisation at the contact interface,
the presented equations are rewritten in a compact form by introducing the following
substitutions:

ci = δni
(2µbi + λbi)

, (4.64)

ai = nbi •
[
(µbi + λbi)(∇u)∗bi − µbi(∇u)∗,Tbi

]
− nbi • λbitr((∇u)∗bi), (4.65)

Ni = n∗bin∗bi, (4.66)

Gi = I + εnβi(ci + ch)Ni, (4.67)

ei = εnciNi • (n∗bi(gn)∗bi + βiu∗bi − βiu∗bh) + εnβicichNi • (ai + ah) + ciai, (4.68)

where subscripts i and h represent the current and the adjacent boundary, respec-
tively. By substituting m for i and s for h the equation set for the master side is
obtained. The same is valid for the slave side — s is substituted for i and m for h.
Using the above substitutions, the compact expression for the boundary displace-
ment is:

ubi = G−1
i

• ei + G−1
i

• (I + εnβichNi) • uPi + εnβiciG−1
i

• Ni • uPh, (4.69)
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and for the boundary gradient the expression is:

gbi = δ−1
ni G−1

i
• ei

+ δ−1
ni

(
G−1
i + εnβichG−1

i
• Ni − I

)
LU

• u∗Pi

+ δ−1
ni

(
G−1
i + εnβichG−1

i
• Ni − I

)
D
• uPi

+ δ−1
ni (εnβiciG−1

i
• Ni)LU • u∗Ph

+ δ−1
ni (εnβiciG−1

i
• Ni)D • uPh.

(4.70)

Again, the red-coloured term contributes to the diagonal coefficient, whereas the
blue-coloured term contributes to the corresponding off-diagonal coefficient in the
left-hand side matrix.

Boundary non-orthogonality correction

The above-presented equations are derived with the assumption of a perfectly
orthogonal mesh at contact boundaries, as shown in Fig. 4.30 a). Preserving the
boundary orthogonality during the mesh generation is an impractical task, especially
for the finite volume method which facilitates the application of automatic mesh
generation. In addition, for many large deformation contact problems, the initial
orthogonality cannot be preserved during the subsequent body deformation.
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δ b
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δ b
m nbs

Pm

Ps

b µbm, λbm

nbm µbs, λbs

b)

µbm, λbm

µbs, λbs

δ b
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δ b
s

Pm
kbm

kbs
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dbs
slave

master

nbm

dbm nbs

Figure 4.30. Cells sharing conformal contact interface: a) orthogonal cells and b)
non-orthogonal cells

As explained in Section 3.2.3, the second-order accuracy at the boundary is pre-
served by adding non-orthogonal correction term ucorrbi to the boundary displacement
calculated using Eq. (4.69). The correction term is calculated using the available
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gradient at the cell centre as follows:

ucorrbi = kbi • ∇u∗Pi, (4.71)

where kbi = dbi − nbi(dbi • nbi), see Fig. 4.30 b). The same procedure is followed
during the explicit calculation of the boundary normal gradient, which is used to
calculate stress at the boundary.

Non-conformal discretisation at the contact interface

Using the derived equations for the conformal contact interface, the extension to
the non-conformal discretisation is straightforward if for the adjacent contacted cell
a virtual cell is constructed. For each cell at boundary i, the adjacent virtual cell
at boundary h is composed of cells sharing its boundary face. The construction of
the virtual cell is performed geometrically by using area-weights, which is a concept
used by the GGI interpolation for the implicit coupling of the non-conformal internal
boundaries.

For each cell j at boundary i, the adjacent virtual cell is composed of k cells
which are in contact with cell j at the contact interface. Cell centre displacement
of the virtual cell uvPh,j is determined using the area-weight of each cell k, see Eqs.
(4.5) and (4.7):

uvPh,j =
∑
k

ωj,kuPh,k. (4.72)

Weighting factors ωj,k are calculated within the segment-to-segment algorithm (step
c) in Fig. 4.19), thus no additional computational overhead is added. Substituting
Eq. (4.72) into Eqs. (4.69) and (4.70), implicit equations for boundary displacement
and boundary gradient are obtained; the equations maintain the same form and the
only difference is the substitution of uPh,j with uvPh,j.

To test the implementation, two examples with non-conformal discretisation are
solved: a Hertzian contact between sphere and block (case description is given in
subsection 5.2.5) and a contact between cylindrical punch and foundation (case de-
scription is given in subsection 5.2.4). As in the previous section, both examples
are solved with various values of the penalty parameter and with the optimal value
of the under-relaxation factor. Figure 4.31 a) shows the normalised pressure distri-
bution on the cylindrical foundation for the case of the contact between punch and
foundation, while Fig. 4.31 b) shows normalised subsurface stresses along the z-axis
for the case of the contact between sphere and block. As shown, the implementa-
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tion handles the non-conformal discretisation correctly and a consistent behaviour
is obtained; the resulting stress distribution is not affected by the coupling type.
Table 4.6 summarises the results of the convergence behaviour for the case of the
contact between cylindrical punch and cylindrical foundation, and Table 4.7 for the
case of the contact between sphere and block. By comparing the results, it can be
noticed that the optimally tuned explicit coupling can converge the same as the
implicit coupling only for lower values of the penalty parameter. For the case of the
contact between cylindrical punch and cylindrical foundation, the explicit coupling
shows the same level of efficiency for the case with the resulting average gap value
(averaged gap divided by average contact cell height) of 1%. This can be attributed
to the minimal number of faces in partial contact (axisymmetric computational
model). The same is observed for the 2D case of the cylinder and rigid block (see
Table 4.5). Nevertheless, it should be noted that the efficiency of the explicit cou-
pling can degrade rapidly for a slight change in the under-relaxation. Furthermore,
in practice, the explicit coupling is never optimally tuned, which makes the implicit
coupling even more superior in terms of efficiency.
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Figure 4.31. Comparison of stress distribution between explicit and implicit contact
coupling: a) contact between cylindrical punch and cylindrical foundation and b)
contact between sphere and block (fine mesh)

Table 4.6. Comparison between efficiency of implicit and explicit coupling for differ-
ent values of penalty parameter — contact between cylindrical punch and cylindrical
foundation

εn/Es Implicit ncorr Explicit (optimal) ncorr Avg. relative gap [%]
100 105 98 3
1,000 106 110 0.3
10,000 105 755 0.04
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Table 4.7. Comparison between efficiency of implicit and explicit coupling for dif-
ferent values of penalty parameter — contact between sphere and block

εn/Es Implicit ncorr Explicit (optimal) ncorr Avg. relative gap [%]
10 73 68 11
100 79 230 1.5
1,000 81 903 0.2

Large deformation contact — hyperplastic constitutive relation

The last step is to extend the implicit contact coupling to account for nonlinear
material behaviour. The starting equation for the boundary traction (4.49) is re-
stricted to an isothermal linear-elastic material and to extend it to a general form,
term (2µb + λb)nb • (∇u)b − (2µb + λb)nb • (∇u)b is added:

tb = (2µb + λb)nb•(∇u)b − (2µb + λb)nb • (∇u)b
+ µbnb • (∇u)b + µbnb • (∇u)T

b + λbnbtr((∇u)b)︸ ︷︷ ︸
nb•σb

(4.73)

Rearranging Eq. (4.73) the equation for the boundary gradient is obtained:

gb = nb • (∇u)b = 1
(2µb + λb)

(tb − nb • σb) + nb • (∇u)b, (4.74)

Using Eq. (4.74) as a starting equation instead of Eq. (4.49) the same set of
equations is derived (4.64)–(4.70), with the only difference in term ai, which is
transformed into the following form:

ai = (2µbi + λbi)nbi • (∇u)∗bi − n∗bi • σ∗bi. (4.75)

With this last modification, the procedure is ready to be tested on the contact
problems with large deformations and large sliding of the bodies in contact.

Two examples are examined: shallow ironing (case description is given in sub-
section 5.3.2) and a contact between two curved beams (case description is given in
subsection 5.3.3, beams are modelled as hyperelastic with the same Young’s modu-
lus). Since these examples are solved incrementally, the typically used value of the
under-relaxation factor is prescribed. Both examples are solved using explicit and
implicit contact coupling, and the difference between the resulting forces and the
convergence speed is analysed. Figure 4.32 shows the evolution of the horizontal
and the vertical reaction force in the shallow ironing example. One can see that the
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curves match, which means that the implicit coupling can produce results that are
consistent with the results obtained using explicit coupling. This is also confirmed
in the second example, see Fig 4.34.

Figure 4.33 shows the achieved speed-up for the shallow ironing example. Speed-
up is measured as a ratio between the number of outer iterations required for the
implicit and the explicit coupling to converge per time step. Since the cost of each
outer iteration is approximately the same, the used ratio can faithfully depict the
speed-up. In the shallow ironing example, the implicit coupling shows a more than
ten times faster convergence. In the second example, the achieved speed-up varies
between the factors of two and four, as shown in Fig. 4.35. Although the second
example shows less speed-up, reducing the computational time by the factor of two
can be still described as a noteworthy improvement.

The application of the implicit coupling to the shallow ironing example is shown
to be stable with high values of the penalty parameter. However, the contact be-
tween two curved beams is incapable of converging with an acceptable value of the
penalty parameter, i.e., the resulting averaged relative penetration is 12% which
can be considered high. While the sources of this problem can be numerous, a valid
guess is that the calculation of the contact force using solely information from the
previous iteration is not an enough stable approach when the segregated solution
procedure is used. Further, failure occurs when the position of the contact interface
is close to 45 degrees. In such configurations, the contribution of the coupling term is
minimal, resulting in a reduced implicitness of the coupling procedure. It is believed
that by performing some type of augmentation of the contact force stability can be
improved, thus further development is necessary to establish an implicit coupling
procedure with a stability equal to the explicit coupling procedure.
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4.6. Surface Smoothing

Surface smoothing, or the so-called contact smoothing, is a procedure in which
higher-order interpolations are employed to produce a smooth description of the
contact surface (without altering the underlying bulk discretisation). Generally,
surface smoothing is conducted mostly for two reasons:

• Lower error in geometry description results in a more accurate prediction of
contact stresses.

• Smoothing the surface normal vector field has a positive effect on the conver-
gence and robustness of the contact treatment.

Surface smoothing is extensively investigated in the FEM literature, and many
smoothing techniques were proposed for low order finite elements [135]. Typically,
surface smoothing is employed with the goal to alleviate common issues of the NTS
contact discretisation, i.e. to reduce the non-physical oscillations of the contact force
during the large sliding, and to improve the robustness and convergence rate of the
solution procedure [6, 135]. For the NTS contact discretisation, only the master
surface is smoothed, meaning that contact interaction occurs between slave nodes
and the smoothed master surface. For 2D problems, the following interpolation
methods were proposed: cubic spline interpolation [136], non-uniform rational basis
splines [137], cubic Bézier [89] and Hermite interpolation [138]. Extension of these
interpolations to 3D is extremely difficult, and it is restricted only to the structured
quadrilateral surface mesh topology [138]. Accordingly, for unstructured surface
meshes composed of the quadrilateral faces interpolation using Gregory patches is
proposed in [139]. For unstructured triangular meshes, [140] proposed the interpo-
lation using quartic Bézier patches. The only interpolation capable of handling the
arbitrary surface mesh topology is the interpolation using Nagata patches [74], thus
making it the most suitable candidate for the unstructured finite volume method.

The incorporation of the surface smoothing in the contact algorithm adds a
considerable computational overhead, which must be kept in mind since the contact
algorithm is invoked within each outer iteration of the segregated solution procedure.
Nevertheless, there are many cases in which the usage of the smoothing procedure
can be quite desirable or justified. The best example is the contact between a rigid
and a deformable body in which the smoothing of the rigid body is performed only
once. Also, the rigid body can have coarse underlying discretisation, thus minimizing
the cost of contact detection.
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In the remaining part of this section, the surface smoothing using the Nagata
interpolation is outlined for the interpolation of triangular and quadrilateral faces.
The smoothing procedure is incorporated with the pointwise contact algorithm to
smooth the master surface. The main features of such a procedure are addressed
using a few simple numerical examples. To the best of the author’s knowledge, this
is the first attempt to use the surface smoothing for solving contact problems using
the finite volume method.

4.6.1. Surface Smoothing Using Nagata Interpolation

The Nagata patch interpolation was originally introduced in [73] as a efficient
interpolation which can overcome drawbacks of the existing surface interpolation
methods at the time. It should be noted that here patch denotes a single boundary
face, while in the finite volume terminology patch refers to a group of boundary faces.
The interpolation completely local and it is based on the quadratic polynomial,
requiring only position and normal vectors at the vertices of the surface mesh. Also,
it is applicable to the arbitrary geometry topology and its formulation can easily
handle the discontinuity of normals, sharp edges and singular points.

The first step in the interpolation is the construction of edge curves which are
afterwards used to complete the definition of patch interior. For the edge with
position vectors of the corresponding end points and unit normals at the end points
the Nagata curve is defined using a quadratic polynomial as (see Fig. 4.36):

x(ζ) = x0 + (d− c)ζ + cζ2, (4.76)

where d = x1− x0 is the vector joining the end points and ζ is the local coordinate
which satisfied the condition 0 6 ζ 6 1.

n0

n1p0

p1

x1

ζ

x0

O

Figure 4.36. Nagata interpolation of surface edge
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The unknown coefficient vector c, called the curvature parameter, adds curvature
to the edge. Assuming that the interpolated curve is orthogonal to endpoints unit
normals n0 and n1, coefficient vector c is obtained by minimising its norm [73]:

c(d,n0,n1) =



[n0,n1]
1− a2

 1 −a

−a 1


 n0 • d

−n1 • d

 (a 6= ±1)

[n0,±n0]
2

 n0 • d

∓n0 • d

 = 0 (a = ±1)

, (4.77)

where a is the scalar product between end unit normals a = n0 • n1. In the case
that the normals are parallel |a| = 1, the curvature adding vector is zero and the
interpolated edge matches to the linear edge (exact interpolation).

Figure 4.37 shows the interpolated surface of the triangular and quadrilateral
boundary faces with corresponding input parameters: end points position vectors
and end points unit normals. The triangular and quadrilateral boundary faces,
considered in this thesis, are the most common types of boundary faces; however,
the Nagata interpolation can be extended to n-sided polygonal faces, thus making
it a convenient candidate for the unstructured finite volume method.
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Figure 4.37. Nagata patch interpolation for: a) triangular faces, b) quadrilateral
faces

For the triangular Nagata patch, the quadratic interpolation polynomial has the
following form:

xM(η, ζ) = c00 + c10η + c01ζ + c11η
2 + c02ζ

2, (4.78)

while in the case of the quadrilateral Nagata patch the quadratic interpolation
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polynomial has additional two terms (η2ζ and ηζ2):

x�(η, ζ) = c00 + c10η + c01ζ + c11ηζ + c20η
2 + c21η

2ζ + c12ηζ
2, (4.79)

where η and ζ are the local coordinates. The domain of the local coordinates for
both cases is shown in Fig. 4.38. The domain of the local coordinates for the
triangular patch is defined as 0 6 ζ 6 η 6 1, while for the quadrilateral patch it is
defined as 0 6 ζ, η 6 1.
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Figure 4.38. Patch domain in local coordinates for: a) triangular faces, b) quadri-
lateral faces

The coefficient vectors for the triangular and quadrilateral Nagata patch are
defined via the curvature parameters and the known point positions, summarised in
Table 4.8.

Table 4.8. Coefficient vectors for triangular and quadrilateral Nagata patch
xM(η, ζ) x�(η, ζ)
c00 = x00 c00 = x00

c10 = x10 − x00 − c1 c10 = x10 − x00 − c1

c01 = x11 − x10 + c1 − c3 c01 = x01 − x00 − c4

c11 = c3 − c1 − c2 c11 = x11 − x10 − x01 + x00 + c1 − c2 − c3 + c4

c20 = c1 c20 = c1

c02 = c2 c02 = c4

c21 = c3 − c1

c12 = c2 − c4

By applying Eq. (4.77) to each edge of the boundary face, the curvature parame-
ters are determined. Table 4.9 depicts input arguments for the curvature parameter
function.
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Table 4.9. Curvature parameters for edges of triangular and quadrilateral Nagata
patch

xM(η, ζ) x�(η, ζ)
d1 = x10 − x00, c1 = c(d1,n00,n10) d1 = x10 − x00, c1 = c(d1,n00,n10)
d2 = x11 − x10, c2 = c(d2,n10,n11) d2 = x11 − x10, c2 = c(d2,n10,n11)
d3 = x11 − x00, c3 = c(d3,n00,n11) d3 = x11 − x01, c3 = c(d3,n01,n11)

d4 = x01 − x00, c4 = c(d4,n00,n01)

The definition of the curvature parameter in Eq. (4.77) can lead to stability
problems manifested in inflated and wrongly oriented edge curves. These problems
arise for singular cases in which the unit normals are near parallel (zero denomi-
nators in Eq. (4.77)). Accordingly, special care must be taken for the numerical
implementation to avoid this drawback; [141] proposed the usage of a threshold
value to increase the domain of the linear interpolation near the singularity. An-
other possible solution is to modify the equation for the curvature parameter to be
less strict in the enforcement of the surface orthogonality to imposed normal vectors,
see [6, 142] for further details.

By defining the initially smooth surface using analytical functions, the level of
accuracy achieved by employing the Nagata interpolation can easily be determined.
Such an analysis is not conducted here as it is already available in the literature
[6, 73]. When compared to the piecewise linear description of the boundary, the
results show that the Nagata interpolation provides a two orders of magnitude lower
error with a higher error reduction rate.

Point normal calculation

The construction of the Nagata patch requires two inputs, the points position
vectors and the points unit normal vectors. Usually, the unit normals at the bound-
ary points are not determined, as the face normal is used for all calculations. For
the calculation of the discrete surface curvature, i.e. points normals, two different
approaches exist in the literature [6]. In the first approach, mesh points are fitted
with a smooth parametric surface and point normals are subsequently calculated
using the newly generated surface [143]. In the second approach, the point normal
is determined using the weighted average of the surrounding face normals. A special
case is a rigid-deformable contact in which for the smoothed rigid body the eval-
uation can be conducted either analytically for simpler geometries or from a CAD
model used for mesh generation [144].
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In this thesis, the calculation of the points normal vector is conducted using the
weighted sum of the surrounding faces normals:

np =
∑
i ωinb,i

||∑i ωinb,i||
(4.80)

where ωi denotes the face weighting factor and boundary face normal nb, is calculated
using central decomposition. As shown in Fig. 4.39, it is possible to use different
topological quantities for the calculation of the face weighting factor. Here, the
simplest method in which each surrounding facet has equal weight is adopted. To
improve accuracy, other methods listed in Table 4.10 can be used. A detailed
discussion and comparison of these methods is available in [6].

i+ 1

i

np

ei+1αi

e‘
i

nb,iei

p

Figure 4.39. Surrounding faces of point p with calculated unit normal vector np.
Notation for weighted average calculation is included

Table 4.10. Different methods for calculation of weighting factor ωi
Mean weighted by: Weighting factor

Equally [145] ωi = 1
Angle [146] ωi = αi

Area [147] ωi = ||ei × ei+1||
Edge length reciprocal [147] ωi = ( ||ei|| ||ei+1|| )−1

Angle and edge length reciprocal [147] ωi = sin(αi)( ||ei|| ||ei+1|| )−1

Angle and area of circumscribed circle [148] ωi = sin( αi/||e‘
i|| )2 αi

The calculation using the weighted sum of the normal vectors is a robust, simple
and computationally cheap approach with a good level of accuracy. In some specific
cases, to preserve accuracy, the method required a simple correction of the resulting
normal [6]. The examples are symmetry boundaries and transitional zones between
flat and curved parts of the surface, as shown in Fig 4.40.
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np
nb

n̂p
np

p

np

b

n̂p symmetry plane

Figure 4.40. Correction of calculated point normals at symmetry plane and at
transition point. Corrected unit normal is denoted as n̂p

Normal distance function

For the Nagata patch, the calculation of normal distance function gn requires
more effort since the interpolated boundary face is not planar.

p1

p2

p3ngn

xs

x̂m
s1 s2

Figure 4.41. Orthogonal projection of generic point xs onto triangular Nagata patch

The closest point between a generic point on slave surface xs and the Nagata
patch on the master surface (see Fig. 4.41) results in an orthogonal projection
problem formulated as:

f(η, ζ, gn) = x̂m(η, ζ) + gnn(η, ζ)− xs = 0, (4.81)

where x̂m is the corresponding projected surface point, n is the surface outward unit
normal vector and f is the solution vector which satisfies f = 0. The outward unit
normal vector is defined by a cross product of the patch partial derivatives:

n(η, ζ) =

∂x(η, ζ)
∂η

× ∂x(η, ζ)
∂ζ∣∣∣∣∣

∣∣∣∣∣∂x(η, ζ)
∂η

× ∂x(η, ζ)
∂ζ

∣∣∣∣∣
∣∣∣∣∣

= s1 × s2

||s1 × s2||
, (4.82)
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where s1 and s1 are the surface tangent vectors corresponding to partial deriva-
tives. The equations for the calculation of the partial derivatives in the case of
the triangular and quadrilateral Nagata patches are given in Table 4.11. In order to
solve the nonlinear system of equations f(η, ζ, gn)=0, the Newton–Raphson iterative
algorithm is used, formulating Eq. (4.81) into:

r(i+i) = r(i) − [∇f(r(i))]−1f(r(i)), (4.83)

where r = [η, ζ, gn]T is the solution vector containing the local coordinates of the
closest point and its normal distance. Jacobian matrix ∇f of the system of equations
is defined as:

∇f(r) =
[
∂

∂η
,
∂

∂ζ
,
∂

∂gn

]
f(r)

=
[
∂x̂m
∂η

+ gn
∂n
∂η
,
∂x̂m
∂ζ

+ gn
∂n
∂ζ
, n

] (4.84)

The partial derivatives in Eq. (4.84) are given in Table 4.11, while the gradient
of the normal vector with respect to the local coordinates is calculated using the
Weingarten formula [10,89].

Table 4.11. Patch surface tangent vectors definition
4 �

s1 = ∂x(η, ζ)
∂η

= c10 + c11ζ + 2c20η c10 + c11ζ + 2c20η + 2c21ηζ + c12ζ
2

s2 = ∂x(η, ζ)
∂ζ

= c01 + c11η + 2c02ζ c01 + c11η + 2c02ζ + c21η
2 + 2c12ηζ

Incorporation with the pointwise contact algorithm

To demonstrate potential benefits in using the surface smoothing, the Nagata
surface interpolation method is incorporated within the pointwise contact algorithm,
described in Section 4.3. Smoothing is performed for the chosen master boundary,
meaning that points (vertices) of the slave surface are in interaction with the Nagata
patches constructed on the master side. Accordingly, violation of the impenetrability
condition is checked between the slave points and the smoothed description of the
master surface. For each slave point, its corresponding neighbouring Nagata patches
are determined and the projection point with the minimum normal gap value is
selected as the solution. The normal gap is calculated iteratively by solving Eq.
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(4.81) using the Newton-Raphson algorithm, described in the previous subsection.
For the initial guess of the solution, the midpoint of the Nagata patch is prescribed.
Due to the quadratic rate of convergence of the Newton-Raphson algorithm, the
solution is typically found in three to four iterations. Nonetheless, to avoid any
problems which can potentially arise, the maximum number of iterations is limited
to ten. Finally, the normal component of the contact traction is calculated at the
slave face-centres using Eq. (4.11).

Numerical example: block sliding in a half-tube

In this example, initially proposed in [140], the large frictional sliding of an
elastic block in a rigid tube is considered. The radius and length of the tube are 3
and 15 m, respectively. The block dimensions are 2×2×2 m with a contact surface
curved the same way as the tube. Block Young’s modulus is 100 Pa and Poisson’s
ratio is 0.3. The coefficient of friction is set to 0.1. At initial configuration, the block
overlaps the tube by 0.01 units. The prescribed axial displacement of the block top
surface of 10 units is resolved with 100 equally spaced displacement increments. To
analyse the effects of the mesh density, the tube is discretised with two meshes, the
coarse mesh has 780 triangles, while the fine mesh has 2,441 triangles, see Fig. 4.42.
The block is discretised with 1,000 CVs and the mesh is kept the same for both
cases.

a) b)

Figure 4.42. Block sliding in a half-tube: a) coarse mesh, b) fine mesh

Figure 4.43 shows the evolution of the horizontal reaction force for three different
types of contact algorithms on both meshes. The contact algorithm with the Nagata
smoothing has a negligible difference between the results for the coarse and the
fine mesh in contrast to the pointwise and segment contact algorithms in which
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poor approximation of the cylinder geometry results in a difference between the
computed force. Also, the poor approximation of the cylinder surface leads to
oscillations of the reaction force which are reduced with mesh refinement. With the
finer mesh, cylinder geometry is better described, thus these algorithms converge to
the results obtained with the surface smoothing. On both meshes, the application
of the segment contact algorithm results in higher accuracy as the force tends to be
closer to the force obtained using the smoothing.

In [74] the same example is analysed using the linear finite elements with and
without surface smoothing using Nagata interpolation. The authors use two mesh
densities for the tube: 486 and 3880 triangles. The block is discretised identically
as here. Reported results obtained using finer tube discretisation (with and without
smoothing) are added in Fig. 4.43. One can see that an almost identical deviation
is captured between results with and without tube surface smoothing. It should be
noted that their deviation is slightly lower due to finer tube discretisation. Most
important, results obtained using the smoothing procedure are in great agreement
with the results obtained herein.
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Figure 4.43. Block sliding in a half-tube: evolution of horizontal reaction force

Table 4.12 compares the computational efficiency between the contact algorithms
in terms of the average number of outer iterations and computational time ratio.
As depicted, the usage of surface smoothing has a positive side-effect on efficiency,
especially if the coarse mesh is used. These differences tend to reduce with mesh
refinement; however, the application of surface smoothing can provide very accurate
results with coarse discretisation which can be extremely beneficial if the accuracy
of pressure distribution on the smoothed surface is of no big interest. Moreover, for
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large scale problems, the usage of a coarse mesh can significantly reduce the cost of
contact detection.

Table 4.12. Block sliding in a half-tube: average number of outer correctors n̄corr
and CPU time ratio

Coarse mesh Fine mesh

n̄corr
CPU time

CPU time (Nagata) n̄corr
CPU time

CPU time (Nagata)
SCA 430 1.5 390 1.2
PCA 420 1.4 340 1.1
PCA-Nagata 320 1 340 1

4.7. Summary

In this chapter, the numerical treatment of large sliding frictional contact prob-
lems within the finite volume framework was discussed. The penalty based Neumann-
Neumann coupling procedure is considered and various aspects of this procedure
are given in detail. A novel segment-to-segment contact-force calculation algorithm
is introduced along with a suitable contact detection algorithm. Including a few
examples, the main features of the proposed algorithm are highlighted and com-
pared with the available pointwise contact algorithm, which is currently the only
algorithm capable of solving the considered class of contact problems. In order to
improve efficiency, the implicit version of the Neumann-Neumann coupling proce-
dure is proposed by deriving an implicit equation for the boundary gradient. It is
shown that the implicit contact coupling is a promising approach to achieve better
convergence of the coupling procedure. In addition, surface smoothing using the
Nagata surface interpolation is incorporated within the pointwise contact algorithm
to show potential benefits of such a procedure.
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5.1. Introduction

This chapter presents various numerical examples to demonstrate the accuracy
and robustness of the newly developed contact algorithm. The examples are pre-
sented in three sections. In the first section, contact problems with available an-
alytical solutions are considered and the analytical solutions given in Appendix A
are used to examine the accuracy. The analytical solutions are derived under the
assumption of infinitesimal strains; however, the compressible neo-Hookean consti-
tute relation is used as it is consistent with linear elasticity. The second section is
devoted to contact problems with finite deformations and large relative sliding of
bodies in contact. The chosen benchmark examples, extracted from the literature
on the computational contact mechanics, are specially designed to challenge the
robustness of the contact treatment. For example, it is reported that the FEM con-
tact algorithm with the standard implementation of the NTS discretisation exhibits
premature failure in some of the considered examples. The obtained solutions in
this section are compared with the reported solutions calculated by using the FEM.
Finally, in the last section, the application on industrial grade contact problems is
shown by solving different metal forming problems: wire drawing, wire rolling and
wire compacting. The application of the numerical method in the solving of such
problems is of crucial importance for engineering practice since it allows for fast
optimisation of tool and workpiece geometry as well as other parameters such as
homogenisation of the residual stress and damage reduction.

To allow for reproducibility, for each benchmark problem, a suitable description
is given regarding boundary conditions and the computational model. Additionally,
the considered examples are summarised in Table 5.1, and the literature in which
they were used is listed.

In all examples gravity is neglected and the chosen penalty factor is held constant
for all time steps. If density is not mentioned within the problem description, the
problem is solved as quasi-static, thus time step refers to loading increment. The
relative residual is considered as the convergence criteria and its value is set to
1 · 10−6. For the purpose of reducing the computational time, in some examples
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a geometrically simplified computational model is used if the example permits the
usage of the symmetry boundary condition. The simulations were executed on a
workstation machine with 32 CPU cores (Intel Xeon Gold 6226R 2.90GHz) with the
available random-access memory of 384 GB.

From the aspects of the contact algorithm, the problem is undoubtedly more
challenging in the case of coarse discretisation at the contact interface. In addition,
for solving large scale problems, it is commonly inconvenient to ensure fine mesh
resolution at contact interfaces. Accordingly, all examples are tested on relatively
coarse grids to check if the contact algorithm is robust enough and capable of pro-
viding quality results. Further, to check the impact of the grid resolution on the
results of interest, some examples are solved on a set of uniformly refined grids. It
should be noted that the coarse grids are chosen to be similar or the same by density
as the grids used in the literature for FEM calculations with linear finite elements.

Table 5.1. Benchmarks problems dealt with in this thesis. The first source, separated
from the rest by a comma, denotes the paper in which the example was proposed
initially
5.2.1. Cylinder and Flat Rigid Surface [84], [149,150]
5.2.2. Cylinders With Parallel Axis [84], [64, 151]
5.2.4. Cylindrical Punch With Rounded Edge [9], [57, 58,152]
5.3.1. Cylinder Drawn Through a Die [153]
5.3.2. Shallow Ironing [154], [87, 88,155,156]
5.3.3. Contact Between Curved Beams [84], [10, 157,158]
5.3.4. Compressed Concentric Spheres [71], [158,159]
5.3.5. Twisting Contact Between a Hemisphere and a Block [160], [159]

105



5. Numerical examples

5.2. Small Deformation Benchmark Problems

5.2.1. Cylinder and Flat Rigid Surface

The contact between an infinite half-cylinder and a rigid plane is a classical
example of the Hertzian contact commonly used in literature to check the accuracy
of the numerical procedures. To satisfy the Hertzian assumption of infinitesimal
strains the prescribed displacement or load at the half-cylinder top surface must be
very small. The analytical solution to this problem is given in Appendix A1.

The problem is solved using a 2D computational model (see Fig. 5.1) and plane
strain assumptions. The cylinder geometry and material properties are chosen in
accordance with literature: Young’s modulus E = 200 Pa, Poisson’s ratio ν = 0.3
and radius R = 8 m. The top surface of the half-cylinder has prescribed vertical
displacement uz = 0.02 m. Two computational meshes are used: a coarse mesh with
1,615 CVs and a fine mesh with 6,460 CVs (fine mesh is obtained by halving each
edge of the coarse mesh).

a)

E, ν R

x

z

F, uz

b)

Figure 5.1. Contact between cylinder and flat rigid surface: a) problem geometry,
b) fine computational mesh (6,460 CVs)

Figures 5.2 and 5.3 show the pressure distribution at the contact surface and
stress components along the z-axis for the coarse and the fine mesh. The diagrams
are given in the normalised form in which stress is normalised with the Herzian
peak contact pressure and the x-coordinate with the Hertzian contact width. The
distribution of the contact pressure is symmetric; therefore, to improve clearness,
only the results for x > 0 are presented. As shown, for both meshes the peak
contact pressure, the contact width and the distribution of stresses match well to
the analytical solution. The coarse mesh has slight deviations from the analytical
solution as regards the pressure values near the contact edge; the reason for this
is the sharp slope of the pressure distribution which is hard to capture with the
piecewise linear approximation of the solution field.
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Figure 5.2. Contact between cylinder and flat rigid surface (coarse mesh): a) nor-
malised contact pressure distribution, b) normalised stress distribution along z-axis
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Figure 5.3. Contact between cylinder and flat rigid surface (fine mesh): a) nor-
malised contact pressure distribution, b) normalised stress distribution along z-axis

5.2.2. Cylinders With Parallel Axis

This example considers the contact between two identical infinite half-cylinders
with parallel axes. The geometry and material properties of both cylinders are iden-
tical as in the previous example (E = 200 Pa, ν = 0.3 and R = 8 m). Precisely, the
example is an extension to the previous example: the rigid surface is replaced with
a deformable cylinder. The bottom surface of the lower cylinder is held constant,
whereas the top surface of the upper cylinder has a prescribed constant normal and
tangential pressure distribution, see Fig 5.4 a). The problem is solved with two load
increments using a 2D computational model under the plane strain assumption. In
the first load increment, only the normal pressure is prescribed (p = 0.625 Pa), and
it is held constant for the second increment, in which the tangential pressure (q
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= 0.05851 Pa) is subsequently added. Friction is considered and the coefficient of
friction is set to µ = 0.2.

Two computational meshes are used: a coarse and a fine mesh, which is obtained
by the halving each edge of the coarse mesh. In the coarse mesh, shown in Fig. 5.4
b), the lower cylinder has 12 CVs at the contact zone, while the upper cylinder has
18 CVs. The overall number of CVs in the lower cylinder is 1,120 and in the upper
is 2,520 CVs. The non-conformal discretisation was intentionally made to check for
possible errors which can arise due to different cylinder curvature discretisation.

a)

p
q

E, ν R

R

E, ν

x

z

b)

Figure 5.4. Cylinders with parallel axis: a) problem geometry, b) coarse computa-
tional mesh (3,640 CVs)

Figure 5.5 shows a comparison of the normal and the tangential contact pressure
with the analytical solution; the analytical solution is given in Appendix A1. The
pressure distribution is symmetric, thus the diagram gives a distribution for both
cylinders: the left-hand side of the diagram shows the pressure distribution for the
lower (coarser) cylinder, while the right-hand side shows the distribution for the
upper (finer) cylinder. The slip and stick zones of the tangential traction are cor-
rectly captured on both meshes and, as expected, the results for the fine mesh agree
better with the analytical solution. Nevertheless, even the coarse mesh can produce
satisfactory results; the maximum difference to the analytical solution can be seen
at the edge of the contact area where the contact width is slightly overpredicted and
the slope of the normal contact pressure is high.
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Figure 5.5. Cylinders with parallel axis: normal and tangential pressure distribution
at the lower and upper cylinder for coarse and fine mesh

5.2.3. Indentation of Elastic Half-Space With a Flat-Ended
Rigid Punch

A rigid flat-ended punch is pressed onto an elastic-half space, as shown in Fig.
5.6. The elastic half-space is modelled as finite, with dimensions 2H × H, with
Young’s modulus E = 200 GPa and Poisson’s ratio ν = 0.3. The problem is solved
by assuming a plane stress state and a 2D model with unit thickness. The top
surface of the rigid punch have the prescribed vertical displacement uz = 0.0967
mm corresponding to vertical force Fz = 10, 000 N. The bottom surface of the finite
half-space is held fixed. The contact between the punch and the elastic half-space
is modelled as frictionless.

a)
2H

2a

H

x

z

E, ν

uz, Fz

b)

Figure 5.6. Indentation of rigid flat-ended punch: a) problem geometry (H = 0.2
m, a = 0.01 m), b) computational mesh (9,090 CVs)

Due to geometrical simplicity and the known contact area this example can be
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characterised as a simple one; however, it should be noted that the indenter sharp
edges cause singular pressure distribution (see the analytical solution presented in
Appendix A3). Because of that, the refining of the mesh will always result in a
higher pressure peak at the contact edge.

Figure 5.7 shows the distribution of the contact pressure and surface displace-
ment. One can see that the obtained finite pressure distribution curve match well
to the analytical solution. Further mesh refinement would lead to a better approxi-
mation of the analytical solution; however, it would be preferable and more physical
to include the plasticity effects. The curve form of the surface displacement corre-
sponds to the analytical solution; however, the finite pressure distribution leads to
a slight offset between them. If the numerically obtained displacement distribution
is translated for the average value of the achieved penetration (dotted red line in
Fig. 5.7), a better agreement is obtained.
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Figure 5.7. Indentation of elastic half-space with flat-ended rigid punch: a) contact
pressure distribution, b) vertical displacement of contact surface

5.2.4. Cylindrical Punch With Rounded Edge

In this example, proposed by NAFEMS, a cylindrical punch is pressed into an
elastic cylindrical foundation, see Fig. 5.8 a). The material properties of the punch
are similar to steel (Ep = 210 GPa, νp = 0.3), whereas the foundation has aluminium
Young’s modulus (Ef = 70 GPa, νf = 0.3). The punch is loaded with uniform
pressure distribution at its top surface. The bottom surface of the elastic foundation
is held fixed. Friction is considered and the coefficient of friction is set to µ = 0.1.
The problem is solved with one load-increment using an axisymmetric computational
model. The computational mesh consisting of 3,660 CVs (punch 860 CVs, foundation
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2,800 CVs) is shown in Fig. 5.8 a).
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Figure 5.8. Cylindrical punch with rounded edge: a) case proposed by [9], b) modi-
fied case. Used computational mesh is included within left-hand side of each figure

The predicted radial and axial displacement distributions on the foundation con-
tact surface are shown in Fig. 5.9 a) and b), respectively. The results are compared
with the results from [9], obtained using linear and quadratic finite elements in the
MSC Marc software. One can see that the obtained distribution of both displace-
ment fields matches well to the results obtained using quadratic finite elements.
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Figure 5.9. Cylindrical punch with rounded edge: a) foundation radial displacement,
b) foundation axial displacement

In Fig. 5.10 the normal and tangential contact pressure distributions are com-
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pared with the results reported in [9]. One can see that a higher stress peak is
predicted at the end of the contact surface. The reason for this lies in the insuf-
ficient curvature of the punch fillet. In other words, the radius of the punch flat
part is very close to the actual radius of the contact area. In such cases, the stress
distribution is singular like in the case of the flat-ended punch [161, 162]. Accord-
ingly, the mesh independent results cannot be achieved and the obtained difference
is solely caused by the fact that a finer computational mesh is used.
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Figure 5.10. Cylindrical punch with rounded edge: a) normal contact pressure
distribution, b) tangential contact pressure distribution

To ensure the finite pressure distribution, we propose to introduce the modifica-
tion shown in Fig. 5.8 b). The fillet radius is much larger and the punch flat section
is reduced from 40 to 10 mm. In the case of the same material for both bodies, the
analytical solution from [162,163] is available to verify the obtained distribution of
the normal contact pressure. The targeted contact half-width is 12.5 mm, thus the
prescribed pressure p = 37.588 MPa is calculated by using the analytical expression,
see Eq. (A3.1.) in Appendix A3. Frictionless contact is considered and the mate-
rial properties of both bodies are set to E = 70 GPa and ν = 0.3. In the case of
friction modelling, the stress distribution would remain the same as for the similar
materials there is no relative sliding between bodies [162]. This can be confirmed by
analysing Fig 5.11 b) in which one can see that within the contact area the radial
displacement of the foundation and the punch match. Nonetheless, the proposed
case can be easily modified to consider friction by using different material properties
of punch and foundation, respectively.
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Figure 5.11. Cylindrical punch with rounded edge: a) normal contact pressure
distribution, b) radial displacement distribution of punch and foundation contact
surface

5.2.5. Contact Between Sphere and Block

This example considers the contact between a half-sphere and a deformable
block, as shown in Fig 5.12 a). The predicted interior stress and the contact width
are compared with the Hertzian analytical solution given in Appendix A2. The top
surface of the half-sphere has prescribed vertical displacement uz = 0.01 m, while the
bottom surface of the block is held fixed. The material properties of the half-sphere
and the block are Es/Eb = 3 and νb/νs = 1.1. The problem is solved in one load
increment using a half symmetry computational model (note that the model can be
further reduced by using the quarter symmetry model). Two computational meshes
are used. In the coarse mesh, shown in Fig. 5.12 b), the sphere is discretized with
23,232 CVs and the block with 13,552 CVs. The fine mesh is obtained by uniform
refinement of the coarse mesh and consists of 294,282 CVs.
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Figure 5.12. Contact between sphere and block: a) problem geometry, b) coarse
computational mesh
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Figure 5.13 a) shows the predicted distribution of half-sphere subsurface stresses
along the normalised z-axis (the stress components are normalised with the Hertzian
peak pressure p0). The scenario in which the bottom block is rigid is also considered
and shown in Fig 5.13 b). One can see that, for both scenarios, the distribution of
the stress field match well to the analytical solution.

Fig 5.14 shows, for both meshes, the distribution of the normalised normal con-
tact pressure at the sphere contact surface; note the white circle representing the
contact width obtained analytically. The expected axisymmetric pressure distribu-
tion is correctly captured, i.e. the obtained pressure contours are circularly shaped
and they are smooth near the contact edge. Although the coarse mesh describes
the contact half-width with only 7 uniformly spaced CVs, one can see that the con-
tact width is not visibly overestimated and that the pressure contours match to the
pressure contours of the fine mesh.
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Figure 5.13. Contact between sphere and block: stress distribution along z-axis for:
a) deformable block and b) rigid block
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Figure 5.14. Contact between sphere and block: distribution of normalised normal
contact pressure |pn/p0| at half-sphere contact surface. Upper part of the image
shows result from fine mesh and lower part from coarse mesh

5.3. Large Deformation Benchmark Problems

5.3.1. Cylinder Drawn Through a Die

An elastic cylinder is pulled through a rigid die, as shown in Fig. 5.15 a). Due
to the axial symmetry of the problem, an axisymmetric model is used. At the left
side of the wire mesh, the prescribed displacement of 0.25 m is applied within 100
equal displacement increments. The computed drawing force is compared with the
analytical solution for the steady state drawing force [153]:

F = 1
6πEr

2
2

[
2
(
r2

r1

)2
+
(
r1

r2

)4
− 3

]
. (5.1)

The available analytical solution is valid for an incompressible material; therefore,
Poisson’s ratio is set to 0.495. To better mimic incompressibility, Poisson’s ratio
should be higher; however, in that case, unphysical oscillations of force can be
expected [164]. The Young modulus is set to 1 MPa. The value of the steady
state drawing force shown in Fig 5.15 b) overpredicts the value obtained using the
analytical solution by 5%. This difference can be considered to be acceptable and
for further investigation, the pressure-displacement formulation would be a more
suitable approach (see Section 3.3.2).
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Figure 5.15. Cylinder drawn through a die: a) problem geometry (r1 = 0.025 m,
r2 = 0.015 m, R = 0.15 m), b) evolution of pulling force

Figure 5.16 shows deformed configurations of the cylinder for different wire displace-
ments. The initial length of the cylinder is 0.07 m. Cylinder is discretised with 20
CVs in axial direction and 3 CVs in radial direction. Although not shown in Fig.
5.16, the cylinder mesh is extended axially using 17 CVs to the die flat part following
its curvature. This is done to help draw the cylinder inside the die at the beginning
of the simulation. Since this example seems hard to solve, a necessary remedy is to
heavily under-relax the displacement field with a low under-relaxation factor (0.7).

a) b)

c) d)

Figure 5.16. Cylinder drawn through a die: deformed configurations of cylinder at:
a) d = 0.0625 m, b) d = 0.125 m, c) d = 0.1875 m and d) d = 0.25 m

5.3.2. Shallow Ironing

A pressed elastic block with a rounded contact surface slides over an elastic
rectangular foundation. The foundation is fixed at the bottom and the block has
a prescribed vertical and horizontal displacement. The problem geometry, material
data and dimensions are shown in Fig. 5.17. A vertical displacement of the top
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5.3. Large Deformation Benchmark Problems

surface of the block (uy = 1 mm) is applied from 0 to 1 s and solved using 100 equal
displacement increments. A horizontal displacement (ux = 10 mm) is subsequently
added between 1 and 2 s and solved using 500 equal displacement increments. The
problem is solved under the plane strain assumption. At the contact interface,
friction is considered, and the coefficient of friction is set to µ = 0.3.

Eb
νb

0.
2

y

x

uy
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Es, νs

0.
9

0.
5

1.2

Eb = 10Es
Es = 68.96 • 107 Pa
νb = νs = 0.32

12

0.2

4

Figure 5.17. Shallow ironing: geometry description and material properties (dimen-
sions in mm) [7]

The calculation is conducted on the mesh in which the block is discretised using
72 CVs and slab using 3,600 CVs (the same as in [88] where linear finite elements
are used). The initial mesh configuration and the deformed mesh configuration for
different time steps are shown in Figure 5.18.

a) b)

c) d)

Figure 5.18. Shallow ironing: deformed mesh configurations at: a) initial configu-
ration, b) t = 1 s, c) t = 1.5 s and d) t = 2 s
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The evolution of the vertical and horizontal reaction forces is shown in Fig. 5.19
together with the results from the literature. One can see that there is no unique
agreement among results obtained using FEM. Except for contact modelling, the
cause for these discrepancies in results can also lie in other aspects of the numerical
procedure (for example, applied constitutive relation). Regardless, it is important
to note that the evolution of the contact force is smooth during sliding, i.e. there
are no visible oscillations. Also, the form of the obtained curves matches well with
the results from [156] and [155].
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Figure 5.19. Shallow ironing: evolution of vertical and horizontal reaction force

Another parameter to consider, apart from the values of the reaction forces, is
the ratio between reaction forces, referred to as the global coefficient of friction.
Table 5.2 summarises the values of the global coefficient of friction for the results
shown in Fig. 5.19. One can see that the obtained result for the global coefficient
of friction is close to the local coefficient of friction and that the results for the
global coefficient of friction significantly vary in the literature. In [87] it is reported
that there is no notable difference between the local and the global coefficient of
friction when the commercial software Ansys is used, which is in agreement with
the obtained solution. Generally, the results are closest to the results reported in
the documentation of the open-source software Code_Aster [156].

Table 5.2. Shallow ironing: comparison of global coefficients of friction µg
Present [87] [156] [155] [88] [154]

(µg)t=1.5 0.32 0.30 0.34 0.38 0.47 0.53
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5.3. Large Deformation Benchmark Problems

5.3.3. Contact Between Curved Beams

This example considers large sliding between two curved beams, see Fig. 5.20
a). The lower beam is fixed, whereas the upper beam has a prescribed horizontal
displacement of ux = 31.5 mm. Both beams are modelled as elastoplastic with
isotropic hardening using the following material properties: Young’s modulus E =
689.56 MPa, Poisson’s ration ν = 0.32, initial yield strength σY = 31 MPa and
linear hardening coefficient H ‘ = 261.2 MPa. The problem is solved using 63 equal
displacement increments, assuming the plane strain conditions. The frictionless
and frictional responses are considered. As regards the frictional response, two
coefficients of friction are taken µ = 0.3 and µ = 0.6. Figure 5.20 b) shows the
computational mesh at initial configuration: the beams are discretised using 50 CVs
in the circumferential and 5 CVs in the radial direction.

a)

ux

x

ux

R10R
8

17

R
12 y

R10

b)

Figure 5.20. Contact between curved beams: a) problem geometry (dimensions in
mm) and b) mesh at initial configuration

Figures 5.21 and 5.22 show the evolution of the horizontal and vertical total
reaction forces for the considered cases with different choices of the master surface.
In all cases, results are insensitive to the choice of the master surface and the form of
the curves matches well to the results reported in the literature [10,158]. Compared
to [10], a relative difference in the maximum amplitude of the reaction forces is
below 3% for both components of the reaction forces. More importantly, during the
sliding, the evolution of the reaction forces is smooth and without visible oscillations
even though the discretisation of the contact surface is piecewise linear.
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ũx = ux/ux,max [−]

upper beam - master
lower beam - master

[10]
[158]

Figure 5.21. Contact between curved beams: total reaction force in x-direction
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Figure 5.22. Contact between curved beams: total reaction force in y-direction

During the sliding, due to the larger diameter, the lower beam exhibits larger
plastic deformation which is reduced by the larger values of the coefficient of friction.
This can be seen in Fig. 5.23, where contours of the equivalent plastic strain are
shown for the upper beam displacement of ux = 15 mm. The predicted distribution
of the equivalent plastic strain is compared side-by-side to the results from [10],
which are added to the right-hand side of the Fig. 5.23. One can see that, in all
cases, the locations and the magnitude of the plastic deformations agree well.
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Figure 21: Deformed configuration of the beams with equivalent plastic strain contours 

considering: (a) frictionless ( 0.0)μ  ; (b) frictional ( 0.3)μ  ; (c) frictional ( 0.6)μ  . 
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Figure 21: Deformed configuration of the beams with equivalent plastic strain contours 
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Figure 21: Deformed configuration of the beams with equivalent plastic strain contours 

considering: (a) frictionless ( 0.0)μ  ; (b) frictional ( 0.3)μ  ; (c) frictional ( 0.6)μ  . 
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Figure 5.23. Contact between curved beams: contours of equivalent plastic strain
εp,eq at ux = 15 mm for: a) µ = 0, b) µ = 0.3 and c) µ = 0.6. Solutions from [10]
are added to right-hand side

5.3.4. Compressed Concentric Spheres

In this example, two thick-walled hollow concentric half-spheres are compressed
between two rigid planes. Due to the geometric and the load symmetry, the compu-
tational model is modelled in quarter symmetry. The geometry of the computational
model is shown in Fig. 5.24 a). The contact between the lower rigid plane and the
inner sphere as well as contact between the upper rigid plane and the outer sphere
is modelled as frictionless. For the contact between two spheres, two different co-
efficients of friction are considered (µ = 0 and µ = 0.5). The displacement of the
upper rigid plane uz = 9 mm is prescribed within 90 equal displacement increments.
The material property of both spheres is the same (E = 1 MPa and ν = 0.3).
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The problem is solved using two computational meshes; the fine mesh (shown in
Fig. 5.24 c)) and the coarse mesh (Fig 5.24 b)) which is similar by density to the
mesh used in [71, 158, 159]. Due to the large compression and coarse discretisation
of the curved contact interface, the coarse mesh is considered more challenging to
solve from the aspects of the contact algorithm.
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z

x

F, uz

E, ν
µ

r1
r2

r3

b) c)

Figure 5.24. Compressed concentric spheres: a) problem geometry (r1 = 10, r2 = 12,
r3 = 14 mm), b) coarse mesh (inner sphere 500 CVs, outer sphere 180 CVs), c) fine
mesh (inner sphere 2,420 CVs, outer sphere 1,620 CVs)

Figures 5.25 and 5.26 show the evolution of the compression force for the friction-
less and the frictional case, respectively. For both scenarios, the compression force
before buckling of the inner sphere matches well to the results from the literature.
Also, there is no notable difference between the results obtained using a coarse and
a fine mesh.

After the start of the inner sphere buckling, there is a visible difference between
the evolution of the compression force, however, the reason for this lies in the buck-
ling of the outer sphere. More precisely; when the coarse mesh is used, the outer
sphere is less prone to buckling, as shown in Fig. 5.27. For the frictional case, the
outer sphere starts to buckle; therefore, the results between two meshes match bet-
ter. Nonetheless, these differences are not caused by the contact modelling, which
can be confirmed comparing the results from the literature as some authors reported
the occurrence of buckling of the outer sphere and some did not. After uz = 8 mm
the compression force shows some reduction in the force slope, which can be further
investigated but in overall, the results on both meshes are in good agreement with
the results from the literature.
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Figure 5.25. Compressed concentric spheres: compression force for frictionless case
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Figure 5.26. Compressed concentric spheres: compression force for frictional case
(µ = 0.5)

a) b) c)
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Figure 5.27. Compressed concentric spheres: deformed configurations of coarse and
fine mesh for frictionless contact at: a) uz = 5 mm, b) uz = 6 mm, c) uz = 7.5 mm
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5.3.5. Twisting Contact Between a Hemisphere and a Block

A thick-walled hollow half-sphere is indented and twisted against a finite de-
formable block. The half-sphere downward motion is prescribed on its top surface,
and it is equal by magnitude to sphere outer radius Ri. After indentation, rigid ro-
tation of the half-sphere top surface is subsequently added. During the half-sphere
indentation, frictionless contact is assumed, whereas during the twisting a high value
of the coefficient of friction is considered (µ = 0.5). The problem geometry as well
as material properties are shown in Fig. 5.28 a).

Sphere indentation is prescribed within 10 equal displacement increments, whereas
sphere twisting is prescribed within 90 equal rotation increments. The computa-
tional mesh at initial configuration is shown in Fig 5.28 b).
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Figure 5.28. Twisting contact between a hemisphere and a block: a) problem ge-
ometry (L = 2 mm) and material properties, b) computational mesh (block 27,744
CVs, half-sphere 7,680 CVs)

The high value of the coefficient of friction enables stick contact behaviour,
which induces twisting of the block, as shown in Fig 5.29. During the twisting,
the contact area is gradually transformed to the dominantly slip behaviour, which
means that constant torque is transmitted to the block. Consequently, the block
exhibits constant deformation for larger half-sphere rotation angles.
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a)
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b)

°

c)

°
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°

Figure 5.29. Twisting contact between a hemisphere and a block: deformed mesh
configurations for twisting angles: a) θ = 0◦ , b) θ = 30◦ , c) θ = 60◦ and d) θ = 180◦

Figure 5.30 shows the evolution of the half-sphere twisting torque. During block
deformation, i.e. for the rotation angles smaller than θ = 120◦ , the torque value
gradually increases until its constant evolution is reached. By comparing the ob-
tained results with the results from the literature, one can see that the twisting
torque is in good agreement during the transition from stick to slip behaviour. In
the regime of the dominantly slip behaviour, the twisting torque is overpredicted by
5%. The reason for this lies in the 2.5% higher value of the normal contact force, as
shown in Fig. 5.31. Although the obtained differences can be further investigated,
from the aspects of contact modelling it is more important to notice that the form of
the curves matches and that there are no visible oscillations in reaction force during
large sliding. Figures 5.30 and 5.31 also include results for different choices of the
master surface. Obtained results show that there is no discernible difference in the
resulting evolution of the twisting moment and the normal contact force. Moreover,
Fig. 5.32 shows that besides the accuracy, the efficiency is also unaffected by the
choice of the master surface.

Figure 5.33 shows the tangential contact traction magnitude for different rotation
angles. One can see that sliding starts to occur at the edge of the contact surface
due to a lower normal contact pressure. With increasing the rotation angle, the
slip zone progresses towards the rotation centre. To make this clearer, red-coloured
contour lines of the constant ratio between the tangential and the normal contact
traction are added to Fig. 5.33.
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Figure 5.30. Twisting contact between a hemisphere and a block: twisting torque
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Figure 5.31. Twisting contact between a hemisphere and a block: vertical reaction
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Figure 5.32. Twisting contact between a hemisphere and a block: convergence
history
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a) b)

c) d)

Figure 5.33. Twisting contact between a hemisphere and a block: friction traction
magnitude on block contact surface for twisting angles: a) θ = 30◦ , b) θ = 60◦ , c)
θ = 100◦ and d) θ = 180◦ . Red contour lines represent the ratio between frictional
and normal traction

5.4. Industrial Grade Contact Problems

5.4.1. Wire Drawing

Wire drawing is a process in which wire shape, wire size and mechanical prop-
erties of the wire are transformed by drawing the wire through a die. As the wire
passes through the die, it elongates and reduces its diameter to a desired value. Such
a process is widely used in industry due to a wide variety of applications. Moreover,
it is a very versatile process since the reduced cross section shape is not restricted
only to the circular shape.

Here, we will consider the generic case of isothermal wire drawing, see Fig. 5.34.
The considered diameter reduction is 14%, which corresponds to an area reduction
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of 26%. The wire initial diameter is 2r1 = 2 mm, while the diameter of the die
bearing zone is 2rd = 1.72 mm. The die approach (entrance) angle is 2α1 = 12◦,
while the back relief angle is 2α2 = 30◦. The length of the bearing zone or the so-
called land length is set to lb = 0.45 mm. To mimic the semi-dry friction conditions,
caused by the usage of lubricant, the coefficient of friction is set to µ = 0.08. The
material properties of the wire and the die are depicted in Table 5.3. The compu-
tational model considers one-quarter of the geometry and wire length of a 12 mm,
as shown in Fig. 5.34. The wire downstream cross section surface has a prescribed
displacement while the upstream cross section has a prescribed counter pressure of
10 MPa. The chosen drawing speed is 50 m/min and the simulated time of 0.1 s is
resolved using 100 equally spaced time increments (8.3 mm drawn length).

r 1 r 2x

Ed, νd

uxEw, νw

α2lbα1

r d

r

µ

Figure 5.34. Wire drawing: problem ge-
ometry

Table 5.3. Wire drawing: mate-
rial properties

Wire Die

Young’s modulus
E (in GPa) 190 600

Poisson’s ratio
ν (in GPa) 0.3 0.24

Density
ρ (in kg/m3) 7800 7800

Initial yield stress
σY (in GPa) 0.85 ∞

Hardening coefficient
H ‘ (in GPa) 0.5 −

From the aspect of contact modelling, it is interesting to see how different wire dis-
cretisations affect the evolution of the drawing force. Therefore, four computational
meshes are used and the wire is discretised by refining the coarse mesh shown in
Fig. 5.35. The coarse mesh consists of 2,400 CVs, while the subsequently refined
meshes consist of 19,200 (medium), 153,600 (fine) and 1,228,800 CVs (very fine).
The die discretisation is held the same in all cases. The die mesh consists of 33,340
CVs and the circumferential curvature is resolved using 70 CVs.

To start the simulation, there are different possibilities regarding the initial wire
spatial position. If the wire is set to touch the die, due to the sharp edge of the
wire, a high number of iterations can be expected until the wire is drawn through
the die. To avoid this, the wire can be filleted at the beginning; such an approach is

128



5.4. Industrial Grade Contact Problems

reported in [165]. Another possible remedy is to set the wire over the die and within
a few time steps gradually scale the die to its original diameter. Such a technique
is used here and wire compression is done in the initial time step as the solver is
robust enough to handle such a large deformation in the single time step.

a)

b)

Figure 5.35. Wire drawing: coarse computational mesh at time t = 0.069 s: a)
symmetry plane view, b) 3D view

Figure 5.36 shows the evolution of drawing force Fx calculated at the one-quarter
of the downstream patch where the wire axial displacement is prescribed. As shown,
the quasi-static solution is reached quite fast, after the first ten time steps. The av-
eraged values of the drawing force for all meshes are 312.7 (coarse), 301.1 (medium),
291.7 (fine) and 285.0 N (very fine). By applying Richardson’s extrapolation [166]
the final solution for the drawing force is 282.8 N. The drawing force for the coarse
mesh exhibits visible oscillations which deviate from the averaged value by less than
1.8%. These oscillations arise as the control volumes slide over the die transitional
edge between the entrance and the bearing zone.
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Figure 5.36. Wire drawing: evolution of the drawing force

Figure 5.37 shows the number of outer correctors required to reach the prescribed
relative tolerance on all meshes using the same simulation settings. On average, the
coarse mesh requires 444, the medium mesh 519, the fine mesh 647 and the very
fine mesh requires 910 outer correctors. The finest wire mesh has a 64 times larger
number of CVs than the coarsest mesh resulting in twice the number of correctors.
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Figure 5.37. Wire drawing: number of outer correctors versus time step

5.4.2. Wire Rolling

Wire rolling is a process in which the workpiece is deformed between one or
more pairs of rotating rolls. Figure 5.38 a) schematically shows the considered case
in which the circular wire is formed by passing through one pair of rolls with the
flat surface. There are many types of rolling processes, for example, if rolls have a
specific shape across their width, such a process is called profile rolling.
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5.4. Industrial Grade Contact Problems

In the presented example, the cylindrical rollers have a width of 10 mm and
their outer and inner radius is 89 mm and 60 mm, respectively. The wire is 80
mm long with an initial diameter of φw = 2.7 mm. The prescribed rotational speed
of the rollers is ωr = 6.28 rad/s which corresponds to 60 revolutions per minute.
The coefficient of friction between the rollers and the wire is set to µ = 0.1. The
gap between the rollers is δ = 1.89 mm, therefore the wire has a 30% linearwise
reduction in the initial diameter. Mechanical properties of the wire are given in
Table 5.4. The rollers are modelled with the same material properties as the wire,
but as hyperelastic.

a)

Tr

ωr

ωr

�w
δ

ux

y

xz

Tr

b)

Figure 5.38. Wire rolling: a) problem geometry, b) coarse computational mesh at
initial configuration

The computational model considers the quarter symmetry of the geometry as
shown in Fig. 5.38 b). The chosen time step corresponds to the roller rotation of
0.126◦ and the simulation is executed until the steady state is achieved. To ensure
convergence and stability, the initial distance between the rollers is equal to the
wire diameter and the prescribed gap is reached after the first 40 time steps. Also,
during the wire compression phase, the rotational speed of the rollers is gradually
increased to the prescribed value. The roller is discretised using 44,096 CVs with
an increased mesh density in the circumferential direction at the zone that will be
in contact during the simulation time. The wire is discretised using different mesh
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5. Numerical examples

densities, i.e. the coarse mesh has 19,440, the medium mesh 65,610, the fine mesh
524,880 and the very fine mesh 1,771,470 CVs.

Table 5.4. Wire rolling: wire mechanical properties
Young’s modulus Poisson’s ratio Density Initial yield stress Hardening
E (in GPa) ν (−) ρ (in kg/m3) σY (in GPa) Plastic strain 0 0.01 0.1 0.5 0.88

210 0.3 7800 1.3 Yield stress (in GPa) 1.3 1.5 1.69 1.64 2.11

a) b)

Figure 5.39. Wire rolling: a) roll bite (symmetry plane view), b) 3D view. Images
are generated by mirroring coarse mesh

Fig. 5.39 shows the roll bite in the symmetry plane and the deformed mesh in 3D.
Fig. 5.40 a) shows the evolution of the vertical reaction force at the roller support,
while Fig. 5.40 b) shows the evolution of the resulting roller torque. In steady state,
the difference between the vertical reaction force for the fine and the very fine mesh
is 0.5%, while for the coarse and the very fine mesh is 2.7%. The evolution of the
torque exhibits a less smooth behaviour than the evolution of the vertical reaction
force. The increased wire mesh density did not suppress oscillatory behaviour which
means that for a smoother torque evolution a finer roller mesh would be preferable.
Nevertheless, the very fine mesh proves that the contact algorithm can handle the
large difference in the cells in contact since the axial length of the wire cells is 7
times smaller than the axial length of the roller cells. Finally, the difference in the
averaged roller torque for the very fine mesh and the coarse mesh is 5.2%, which
can be considered satisfactory for the problem of this complexity.
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Figure 5.40. Wire rolling: a) evolution of vertical reaction force, b) evolution of
roller torque

Fig. 5.41 a) shows the pressure distribution between the roller and the wire on
the coarse mesh. One can see that the expected horse-shoe shaped distribution of
the contact pressure is obtained [167]. Fig. 5.41 b) shows the predicted steady state
deformed cross section, coloured with equivalent plastic strain. The distribution of
the equivalent plastic strain has a characteristic X pattern, which is known as the
blacksmith’s cross [168]. Although finer meshes can better capture local high values
of plasticity, the difference in the final shape of the wire can be considered negligible
between the meshes.

a) b)

Figure 5.41. Wire rolling: a) horse-shoe shaped distribution of contact pressure
on coarse mesh, b) distribution of equivalent plastic strain at wire deformed cross
section
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5.4.3. Wire Strand Compacting

In this example, compacting of a single-layered wire strand is considered. Here,
compacting is performed similarly to the drawing process presented in subsection
5.4.1, with the main difference being a more complex workpiece geometry. After
compacting, the contact area between the wires is increased and the amount of gap
in the cross-sectional area is reduced, i.e. a better material coverage of the resulting
cross-sectional area is obtained. In practice, this leads to an increase in the strength
and life span of wire strands [169].

The computational model consists of a straight cylindrical core wire and one
layer of six helical wires (1+6 configuration). The lay length is set to 250 mm
and the diameter of all wires is set to 5 mm. The die is modelled as rigid, with
the following geometric properties: 2α1 = 14◦, lb = 4 mm and 2α2 = 30◦, see Fig
5.34 a). The diameter of the bearing zone is 13.5 mm, which corresponds to a 10%
reduction in the initial strand diameter. Mechanical properties of the wires are given
in Table 5.5. Since the drawing process is heavily lubricated, frictionless contact is
assumed, allowing wires to slide freely during compaction.

Table 5.5. Wire strand compacting: mechanical properties
Young’s modulus Poisson’s ratio Density Initial yield stress Hardening
E (in GPa) ν (−) ρ (in kg/m3) σY (in GPa) Plastic strain 0 0.05 0.1 0.25 0.5

200 0.3 7800 1.6 Yield stress (in GPa) 1.6 1.64 1.67 1.73 1.75

The computational mesh is shown in Fig. 5.42. The overall mesh size is 651,600
CVs; the core wire is discretised with 136,800 CVs and the outer wires with 85,800
CVs. The considered strand length of 170 mm is discredited with 200 CVs in the
axial direction. Complete lay length is not modelled, as the required drawing length
to reach a quasi-static solution is relatively short. Also, after reaching a quasi-
static solution, the remaining length between the die and the wire downstream
cross section is long enough to eliminate the possible effects of the downstream
boundary. The wire downstream boundary has a prescribed displacement, whereas
the upstream boundary is allowed to elongate in the axial direction. Compacting is
performed gradually at the beginning of the simulations at the distance of 20 mm
from the downstream wire faces, to rule out the effects of the fixed boundaries.

Fig. 5.43 shows the deformed cross section after compacting. The shape of the
outer helical wires takes the form of an isosceles trapezoid, whereas the core wire is
slightly formed to a hexagonal shape. As can be seen, the gaps between the wires
are reduced and the contact area between the wires is increased, which will result
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5.4. Industrial Grade Contact Problems

in lower contact pressures during exploitation. The distribution of the equivalent
plastic strain is slightly asymmetric for the outer wires due to their geometrical
asymmetry, i.e. twisting direction.

a) b)

Figure 5.42. Wire strand compacting — computational mesh: a) cross section view,
b) plan view

Figure 5.43. Wire strand compacting: deformed cross section, coloured with equiv-
alent plastic strain εp,eq. Circle filled with light yellow colour denotes cross section
area before compacting
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Fig. 5.44 shows a 3D view of the compacted wire strand (coloured with equivalent
plastic strain) and the rigid die (coloured in blue). After the compaction, outer wires
have the largest plastic deformation at the area at which contact with die occur.
The distribution of the equivalent plastic strain is uniform in axial direction, which
is expected as constant evolution of the drawing force is obtained.

Figure 5.44. Wire strand compacting: compacted wire strand and rigid die in 3D
view (coloured with equivalent plastic strain εp,eq)

Due to the complexity, this numerical example is excellent for testing the imple-
mentation of the contact algorithm by checking the evolution of the drawing force.
Due to the geometrical and load similarity, the identical drawing force is expected
for the outer wires, which is confirmed in Fig 5.45.
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Figure 5.45. Wire strand compacting: evolution of drawing force for core wire and
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6. Conclusions and Future Work

The main objective of this thesis was to develop a segment-to-segment contact
force calculation algorithm for simulations of large deformation frictional contact
problems using the finite volume method.

The thesis relies on the advance finite volume structural solver [2] to describe the
hyperelastic and hyperelastoplastic deformation of bodies in contact. The strong in-
tegral form of the momentum equation in the updated Lagrangian form is discretised
in space with second-order accuracy using the unstructured finite volume method.
The system of equations is solved in a segregated manner, resolving nonlinearities
and inter-equation coupling using Picard iterations. The movement of the compu-
tational mesh is performed using the least-square method.

Contact boundaries are treated using the explicit Neumann-Neumann coupling
procedure based on the penalty method in which the contact force is updated based
on the achieved penetration and relative sliding between bodies. Such a coupling
procedure is proposed with the introduction of the pointwise contact algorithm [1],
and it is proven to be stable and accurate in solving challenging contact problems [2].
The same coupling scheme is adopted in this thesis with the aim of developing a
more accurate contact-force calculation algorithm that will minimise or eliminate
issues of the pointwise contact algorithm.

A newly developed segment-to-segment contact algorithm is extensively tested,
and the following conclusions can be outlined:

• The algorithm has passed the patch test; the pressure was transmitted cor-
rectly at the flat non-conformal contact interface subjected to uniform pressure
distribution.

• The contact is treated symmetrically; the same accuracy and efficiency are
obtained irrespective of the choice of the master surface.

• The algorithm is suitable for solving contact problems involving material and
geometric nonlinearities. Moreover, it can successfully handle large values of
the friction coefficient.

• Problems related to a non-detected penetration or undefined solution of the
orthogonal projection are avoided, thus robustness is enhanced.
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• The integration of the contact pressure allows accurate prediction of the con-
tact stress at the edge of the contact boundary. Also, during large sliding,
contact force is less prone to exhibiting oscillatory behaviour due to a smooth
change in penetration.

The main drawbacks of the segment-to-segment algorithm are related to the
penalty method and explicit implementation of the contact coupling. Although
the usage of the penalty method is strongly beneficial in terms of overall proce-
dure robustness, it results in a finite amount of penetration and elastic slip between
bodies due to the approximate enforcement of the contact conditions. The explicit
implementation negatively affects the overall efficiency of the solution procedure,
significantly extending the computation time. To overcome this, an implicit version
of the contact coupling is derived, and the effects of the coupling are investigated.
The implicit equations for the boundary gradient and boundary displacement are
obtained by performing the Picard linearization of the normal contact traction. The
results show that the implicit coupling can offer a significant efficiency improvement
while maintaining the same level of accuracy as the explicit coupling. Further re-
search is required into contact problems with material and geometric nonlinearities
to achieve the same level of robustness as the explicit coupling procedure.

6.1. Future Work

Future development towards more advance contact treatment procedures can
take several directions of which all can be characterized as equally important:

• The huge potential of efficiency improvement lies in the implicit version of
the Neumann-Neumann coupling procedure. In further research, the main
focus must be kept on increasing robustness and linearisation of the frictional
component of the contact traction.

• To be able to simulate self-contact problems it is necessary to implement a
suitable contact detection procedure.

• The Nagata surface smoothing technique should be integrated in the segment-
to-segment contact-force calculation procedure. Such implementation is un-
doubtedly a challenging task, however it can be extremely beneficial for some
types of contact problems.
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6.1. Future Work

• It is necessary to extend investigations into modelling more complex contact
interface effects, such as heat dissipation and transmission or surface degra-
dation due to wear.

Besides the listed considerations, future work should be also focused on the more
efficient implementation of the underlying numerical algorithms and parallel scala-
bility of the contact algorithm.
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A Analytical Solutions

The analytical solutions presented in this thesis are used in Chapter 5 to validate
the numerical results. Although the presented analytical solutions are widely used
in engineering practice, they must be used with caution due to various assumptions
on which their derivation is based. Accordingly, when comparing results from nu-
merical procedures, if the computational model does not satisfy their assumptions
— at least to an acceptable degree — a notable mismatch in results can be obtained.
The mathematical background, assumptions and limitations of the presented ana-
lytical solutions can be found in reputable contact mechanics literature listed in the
penultimate part of the description of each problem.

A1. Contact Between Cylinders With Parallel Axis

x

z

E1, ν1

F

F

E2, ν2

2b

R
2

R
1

Figure A1. Con-
tact between cylin-
ders with parallel
axis

Contact half-width b of two circular cylinders com-
pressed with force F is:

b = 2
√
FRr

πEc
, (A1)

where F is defined per unit length. Rr and Ec are the
relative radius of curvature and the contact modulus,
which are defined as:

1
Rr

= 1
R1

+ 1
R2
, (A2)

1
Ec

= 1− ν2
1

E1
+ 1− ν2

2
E2

. (A3)

At contact surface, the distribution of the normal con-
tact pressure has the semi-elliptical form:

σzz = −|pn(x)| = −p0

√
1− x2

b2 for |x| ≤ b, (A4)
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where p0 is the peak pressure defined as:

p0 =
√
FEc
πRr

. (A5)

Along the z-axis the components of stress are:

σxx = −p0

 1 + 2 (z/b)2√
1 + (z/b)2

− 2(z/b)
 ,

σzz = −p0

(
1 + z2

b2

)− 1
2

,

σxz = σzx = 0, σyy = ν(σxx + σzz).

(A6)

Eq. (A6) is derived from the following equations, which allows for the calculation
of subsurface stresses at any point:

m = ±
√

1
2

(√
(b2 − x2 + z2)2 + 4x2z2 + b2 − x2 + z2

)
,

n = ±
√

1
2

(√
(b2 − x2 + z2)2 + 4x2z2 − (b2 − x2 + z2)

)
,

(A7)

where sign of n and m are sign(z)
√
z2 and sign(x)

√
x2, respectively.

σxx = −p0

b

[
m

(
1 + z2 + n2

m2 + n2

)
− 2z

]
,

σzz = −p0

b
m

(
1− z2 + n2

m2 + n2

)
,

σxz = σzx = p0

b
n

(
m2 − z2

m2 + n2

)
.

(A8)

Note that the stresses are independent of Poisson’s ratio; however, dependence exists
in the case of a plane strain state, i.e. σyy = ν(σxx + σzz). In the case of a contact
with a flat surface (R→∞) the relative radius of curvature is the same as the radius
of cylinder Rc = R, whereas in the case of a contact with a rigid body (E → ∞),
Eq. (A3) is transformed into:

1
Ec

= 1− ν2
1

E
. (A9)

In the case of existence of friction, the above equations for frictionless contact
(Hertzian contact) are still valid if cylinders have the same material properties.
Tangential contact pressure pt, modelled using the Coulomb friction law is added to
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A2. Contact Between Spheres

the contact surface:

pt(x) = µp0

b

(√
b2 − x2 −

√
c2 − x2

)
if |x| ≤ c (stick zone),

pt(x) = µp0

b

(√
b2 − x2

)
if c < |x| ≤ b (slip zone),

(A10)

where c is the characteristic parameter which defines the boundary between stick
and slip zones:

c = b
√

1− υ/µ. (A11)

Term υ stands for the ratio between the tangential and the normal load. Subsurface
stresses are different in the case of frictional contact, therefore Eq. (A8) in its
general form is as follows:

σxx = −p0

b

[
m

(
1 + z2 + n2

m2 + n2

)
− 2z + 2µ(x− n) + µn

z2 −m2

m2 + n2

]
,

σzz = −p0

b
m

[
1− z2 + n2

m2 + n2 − µ
n

m

(
z2 −m2

m2 + n2

)]
,

σxz = σzx = −p0

b

[
µ(m− 2z)− n z

2 − n2

m2 + n2 + µm
z2 + n2

m2 + n2

]
.

(A12)

In the case of dissimilar materials, the analytical solution for frictional contact can
also be calculated by employing the procedures proposed in [170]. Also, it is worth
mentioning that in the case of internal contact, the radius of the cylindrical groove
has a negative sign in Eq. (A2).
All the above presented equations, their derivations, limitations and assumptions
can be found in the literature on contact mechanics [14,171,172].

A2. Contact Between Spheres

In the case of a contact between two spheres, the contact area has a circular
shape with radius b:

b = 3

√
3FRr

4Ec
=
√
Rcd, (A13)

where relative radius of curvature Rr and contact modulus Ec are defined using Eq.
(A2) and (A3), respectively. The relationship between the applied load and the
displacement of sphere centre d is:

F = 4
3Ec

√
Rrd3. (A14)
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The normal contact pressure at contact surface has the following parabolic form:

σzz = −|pn(r)| = −p0
√

1− r̃2 for |r̃| ≤ 1, (A15)

where r̃ is the normalised radial coordinate (normalised with contact radius b).
The peak contact pressure (maximum Hertzian pressure) is:

p0 = 3F
2πb2 . (A16)

In the case of frictionless contact i.e. pure indentation, the subsurface stresses
written in cylindrical coordinates are:

σrr
p0

= 1− 2ν
3

1
r̃2

1−
(
z√
u

)3
+

(
z̃√
u

)3
u

u2 + z̃2

+ z̃√
u

[
(1− ν)u

1 + u
+ (1 + ν)

√
u tan−1

(
1√
u

)
− 2

]
,

σθθ
−p0

= 1− 2ν
3

1
r̃2

1−
(
z̃√
u

)3


+ z̃√
u

[
2ν + (1− ν)u

1 + u
− (1 + ν)

√
u tan−1

(
1√
u

)]
,

σzz
−p0

=
(
z̃√
u

)3
u

u2 + z̃2 ,

τrz
−p0

= r̃z̃2

u2 + z̃2

√
u

1 + u
,

τzθ = τrθ = 0,

(A17)

where term u is calculated as:

u = 1
2

(
r̃2 + z̃2 − 1 +

√
(r̃2 + z̃2 − 1)2 + 4z̃2

)
. (A18)

Note that axial coordinate z is also normalised with contact radius b. From Eq.
(A17), the stress distribution along axis of symmetry (r = 0) is:

σθθ
−p0

= σrr
−p0

= (1 + ν)
[
1− z̃ tan−1

(1
z̃

)]
− 1

2(1 + z̃2) ,

σzz
−p0

= 1
1 + z̃2 ,

τrz = τzθ = τrθ = 0.

(A19)
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In case of an external contact (contact between sphere and spherical groove), equa-
tions are still valid but the spherical groove has a negative sign in the equation for
relative radius Rr. Also, the equations are valid in the case of a contact with a flat
surface (Rr = R) or if a second body is a rigid one, see (A9).

The presented equations are special case of equations for the elliptical contact
in the case of a circular contact area. Accordingly, they are also valid in the case of
a contact between two crossed cylinders with the same radius.

For more details regarding equations derivations and their assumptions and lim-
itations, interested readers are referred to [82,161,173,174].

A3. Contact Between Flat-Ended Rigid Indenter
and Deformable Half-Space

F

E, ν

z

x, r

2b
d

Figure A2. Indentation of a
flat-ended indenter into de-
formable half-space

In the case of indentation of an elastic
half-space with a flat-ended rigid indenter, the
pressure distribution has the following distri-
bution:

pn(x) = F

π
√
b2 − x2

for |x| ≤ b, (A20)

which is singular at the edge of the fixed con-
tact zone. The indentation depth, i.e. inden-
ter displacement can be obtained using:

d = F

πE

[
2ln

(2L
b

)
− (1 + ν)

]
, (A21)

where L is the thickness of the elastic half-space. The boundary displacement out-
side the contact zone can be calculated using the following equation:

uz(x) = d+ 2(1− ν2)F
πE

ln
x
b

+
√
x2

b2 − 1
 for |x| ≥ b. (A22)

Note that Eqs. (A20), (A21) and (A22) are derived for the case of thin elastic-
half space, i.e. under the plane stress assumption. In the case of an axisymmetric
contact, i.e. a circularly shaped indenter, the pressure distribution has the following
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form:
pn(x) = F

2πb
√
b2 − r2

= Ed

π
√
b2 − r2

for |x| ≤ b, (A23)

which is, the same as above, singular at the edge of the circularly shaped (fixed)
contact zone. The correlation between the indentation depth and the applied force
is:

d = F (1− ν2)
2bE

(
1− b

R

)
. (A24)

The above-presented equations and further details can be found in [14,82,161].
It should be noted that analytical solutions for more complex shapes of indenter

exist in literature [161]. However, the shape complexity typically results in semi-
analytical expressions for which numerical integration must be used and they are
therefore somehow impractical for benchmarking.

A3.1. Cylindrical Flat-Ended Indenter With Rounded Edge
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Figure A3. Flat-ended
cylindrical indenter in
contact with deformable
body

In the case of the flat-ended indenter, a pos-
sible remedy to avoid pressure singularity is to
fillet its edges, see Fig A3. The indentation force
and the indentation depth as a function of un-
known contact radius b is:

F = E

3R

[√
b2 − a2(4b2 − a2)− 3ab2cos−1

(
a

b

)]
,

d = b

R

[√
b2 − a2 − b cos−1

(
a

b

)]
. (A25)

The normal contact pressure at the contact sur-
face is given in a semi-analytical form [161–163,
175]:

σzz = − E

πR



∫ b

a

(
2
√
x2 − a2 − a cos− 1

(
a

x

)) dx√
x2 − r2

, for r ≤ a,

∫ b

r

(
2
√
x2 − a2 − a cos− 1

(
a

x

)) dx√
x2 − r2

, for a < r ≤ b.

(A26)

The integration of Eq. (A26) can be avoided by using the non-dimensional solution
graph for various ratios a/b, reported in [162].
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1D One Dimensional
2D Two Dimensional
3D Three Dimensional
AABB Axis-Aligned Bounding Box

BS Bounding Sphere

CAD Computer-Aided Design

CPU Central Processing Unit

DN Dirichlet and Neumann
FA Finite Area
FAM Finite Area Method
FEM Finite Element Method
GGI Generalised Grid Interface
ICCG Incomplete Cholesky Pre-Conditioned Conjugate Gradient

NAFEMS National Agency for Finite Element Methods and Standards

NN Neumann and Neumann
NTN Node to Node
NTS Node to Segment

OBB Oriented Bounding Box

OpenFOAM Open Source Field Operation And Manipulation

PC Personal Computer

SAT Separating Axis Theorem

SIMPLE Semi-Implicit Method for Pressure Linked Equations

STS Segment to Segment

TL Total Lagrangian

TL Updated Lagrangian
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